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3.1 Introduction

Motion is common to everything in the universe. Walking,
running, cycling, blood circulation in our body, flowing of water,
flying birds etc are daily life examples of motion. Some motions
are invisible, for example, random motion of gas molecules, flow
of electrons in conducting wire. Stationary looking objects such as
roads, trees, buildings etc. are in motion with the earth’s rotation,
also the earth revolves around the Sun and the sun itself is in
motion in the milky way. Milky way is also in motion with respect
to other galaxies. Thus, we can say that everything in this universe
is in motion.

When any object changes its position with respect to
another object, we say that the object is in motion. Motion can
be of several types, e.g. linear motion, rotational motion,
vibrational (oscillatory) motion etc. In this chapter, we shall
confine overselves to study the motion of objects along a straight
line, also known as rectilinear motion. For this, we shall
understand the concept of physical quantities like displacement,
velocity and acceleration.

3.2 Kinematics and Dynamics

A branch of physics dealing with motion without considering
its causes is known as kinematics.

A branch of physics describing motion along with its causes
and properties of a moving body is called dynamics.

Kinematics and dynamics are collectively known as
mechanics. In this chapter we shall discuss only kinematics.
3.3 Concept of a Particle

In our dicussion we shall treat the object in motion as a
particle. A particle is a point like object endowed with
mass. In practice it is difficult to get such an object because
an object would have some dimensions. But in certain
circumstances an object can be treated as a particle. Such
circumstances are as follows :

(i) All the particles of a solid body performing linear motion
cover the same distance in the same time. Hence, the motion
of such a body can be described in terms of the motion of any
of its constituent particles.
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(ii) If the distance between two objects is
very large as compared to their dimensions, these
objects can be treated as particles. For exmaple,
while calculating the gravitational force between
the Sun and the Earth, both of them can be
considered as particles.

3.4 Frame of Reference

How can we know that the object is at rest
or in motion ? In order to answer this question,
we shall consider the following illustration.
Suppose a bag is lying in a train moving with a
constant speed. A passenger in the train would
find the bag stationary but a person standing by
the roadside would find the bag in motion. Thus,
the bag is at rest if it is observed from the train,
it is in motion if it is observed from the roadside.
If we observe the trees, building etc. from the
ground, they are stationary but from the train they
will be found to be in motion. Thus, motion is a
combined property of the object under study and
the observer. In other words, motion is a relative
concept.

A place and a sifuation from where an
observer takes his observation is called
frame of reference. In the above illustration of
the bag, the frame of reference for the passenger
is the train moving with constant speed, while
for the observer standing by the roadside the
frame of reference is the stationary (!) Earth.
The frames of reference is of two types : inertial
reference frame and non-inertial reference frame.
We shall discuss this in detail in Chapter S.

3.5 Position, Pathlength and Displacement

In order to describe the motion of a particle,
its position at every instant of time must be
known. To locate the position of a particle we
need a frame of reference. There is no rule or
restriction on the choice of a frame of reference.
We can select a reference frame according to
our convenience. We can choose three mutually
perpendicular axes and name them (in counter
clockwise direction) X, Y and Z axes. The point
of intersection of these three axes is called origin
(O) and serves as reference point. The
co-ordinates (x, y, z) of a particle describe the
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Position of a particle in frame of reference
Figure 3.1

As shown in Fig. 3.1, the position co-ordinate
of a particle in motion at time ¢, is (x,, y,, Z,) and
at time £, is (%, y,, 2,)- This shows the position of
particle with respect to the given frame of reference.

If all the three co-ordinates of a particle
remain unchanged with time, the particle is
considered at rest with respect to time in this
frame. If one or more co-ordinates of a particle
changes with time, we say that particle is in motion
w.r.t. this frame. If any one of the co-ordinates
changes with time, the motion of a particle is called
one dimensional or linear motion. For example, an
object falling freely from the top of the tower,
motion of a car along a straight road.

When two or three co-ordinates change with
time, the motion of a particle is called two
dimensional and three dimensional respectively.
For exmple the earth revolving around the sun, a
striker moving over the carrom board are
examples of two dimensional motion. A butter-
fly flying in the garden is an example of three
dimensional motion.

To describe motion along a straight line, we
can choose an axis, say X—axis, so that it coincide
with the path of a particle. We can decide the
position of a particle with reference to a
conveniently chosen origin, say O, as shown in
Fig 3.2. Position, to the right of O are taken as
positive and to the left of O, as negative.
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Motion of a car in straight line
Figure 3.2
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Path length : The total distance travelled
by a particle in some time interval is called the
path length (or total distance.)

Displacement : The change in position of
a particle in some time interval is called
displacement.

If x, and x, be the initial and the final
positions of a particle at time ¢, and time
t, respectively then displacement in time interval
At = t, -

A x = final position — initial position

1, is given by

=HhTN
The SI unit of path length and displacement
is metre (m). Now, we shall understand the

difference between path length and displacement.

Consider the motion of a car along X—axis.
As shown in Fig 3.2 a car is at point A at time
t,, then it goes to B and then comes to point C
at time 1,

In time interval Af = ¢, — £,

Path length = AB + BC = (80 — 20) +
(80 — 40) = +100 km.

Displacement = Final position — Initial position

(Point C) (Point A)
=40 — 20 = +20 km.

In this case path length and displacement
both are positive. Displacement is directed in
the positive X axis direction. If the car starts
from B and goes to point C then, path length
= 80 — 40 = 40 km and displacement = 40 — 80
= —40 km. Thus, displacement can be negative
also. Here, displacement of the car is in the
X—axis direction. In above illustration if the car
starts from A, goes to B and then returns to A,
the path length is + 120 km but displacement is
zero. From this illustration it is clear that path
length is always positive while displacement can
be positive, negative or zero.

We do not get correct information about the
path of motion of the car from displacement.
Displacement gives only the resultant effect of
motion of a car.

Displacement has both magnitude and
direction. Such physical quantities are represented
by vectors. You will learn about vectors in
Chapter 4. In one-dimensional motion, there are
only two directions (backward and forward or

upward and downward) in which a particle can
move, and these two directions can easily be
specified by + and — signs.

Ilustration 1 : A particle moves along a
circle of radius r. It starts from A and moves
in anticlockwise direction as shown in Fig 3.3
Calculate the distance travelled by the particle
and magnitude of displacement for each of the
following cases.

(i) from A to B (ii) from A to C (iii) from
A to D (iv) one complete revolution of the

particle.
C

Figure 3.3

Solution : (i) Distance travelled by particle
from A to B,

Path length = % = %

Displacement | AB | = 4/OA? + OB?

(i) Distance travelled by the particle from A
to C,

Path length = % = mr

Displacement = | AC|l=r + r = 2r
(iii) For the motion from A to D,

3 3
Path length = 21r X 2 =0

Displacement | AD | = r“ +r

=\2r
(iv) For one complete revolution of the

particle, total distance travelled will be
equal to circumference of the circle,
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Path length = 21tr displacement
and displacement = 0, since the particle Average Velocity = time

comes back to the original position.

3.6 Average Speed and Average Velocity = 40—;20 = +10 kmh™

When an object is in motion, its position
changes with time. In order to study motion, it is
necessary to know how fast the position of the
object is changing with time. To describe this,
we define the quantity average speed.

The ratio of pathlength (i. e. total distance
travelled) to the time interval during which the
motion has taken place, is known as average
speed. It is denoted by symbol < v > or v .
Thus, for a given time interval,

Path length
time interval

If an object travels a distance Ax in time
interval At, the average speed in this time
interval is,

Average Speed =

<v>= -
t

Now, the question arises as to how fast the
position is changing with time and in what
direction ? To understand this, we define the
quantity average velocity.

Average velocity is the ratio of
displacement to the time interval, in which
the displacement occurs.

(3.6.1)

displacement

Average Velocity = <o nterval

X
— (3.6.2)

Average speed and average velocity have the

same SI unit m s'l, although kmh™! is used in
many day to day applications.

The direction is important in average velocity
while it is not so in average speed. As explained
earlier, for motion in a straight line, the direction
of motion can be taken care of by + and — signs.
We do not use the vector notation for velocity in
this chapter. To understand this, consider the
motion of the car as shown in Fig. 3.2.

At t = 0, the car is at point A, it goes to
point B and then returns to C in two hours.

Average speed of the car in this time
interval,

_ _ Path length _ 100

_ -1
v time 2 +50 kmh

‘+’ sign indicates that average velocity of
the car is in positive X direction.

Now, if car moves on a path A—B—C-O
and comes to O in 3 hours, then

Average speed = % = +46.6 kmh™!
0 - 20
3

Here, the average velocity of the car is in
negative X direction.

= —6.66 kmh™!

Average Velocity =

Thus, average velocity can be positive,
negative or zero. It depends on the sign of
displacement. In general, the average speed of
an object can be equal to or greater than the
magnitude of the average velocity.

We shall understand the reason of using the
word ‘average’ with the help of an illustration.
Suppose a car starts from Ahmedabad at morning
10 o’clock and reaches Vadodara at 12 noon.
The distance between Ahmedabad and Vadodara
is, say 100km, so the average speed of the car

will be 50kmh™!. This does mean that, the speed
of the car throughout its journey from Ahmedabad
to Vadodara remained exactely 50kmh~!. Where
the traffic was less the speed of car may have
been 80kmh™! and if a railway crossing was
closed it may be zero. Now, it should be clear
that 50kmh™! is the average speed of the car.

Ilustration 2 : A vehicle travels different
distances with different speeds in the same
direction. Find the expression for the average
speed of the vehicle.

Solution : Suppose the vehicle travels
distances d,, d,, d, ....... with speeds v, v,, v,
....... respectively in the same direction.

Total distance travelled,
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Special case : If the vehicle travels two
equal distances (d, = d, = d) with different

speeds v, and vV, then

2v1v2

+

Average speed =
v+ v,

»—n‘:lﬁ.g_‘
+
W || &

Illustration 3 : A person walking in a
straight line, covers half of the distance to be

travelled with a speed of v, For half of the time,
required to complete the remaining distance, he
walks with a speed of v, and for the remaining
half time his speed is v,. What is the person’s
average speed during this complete walk ?
Solution : Suppose the total walking distance
is d, the time taken to travel half of the distance

d
(Ej is t and the time taken to travel the

remaining half distance is 2¢.
Using the formula,
distance travelled = average speed X time

d d
5 = Vo, and hence t = 2v0

and % =vt+vt= (v, + )

, _d
2= v+ v,

Thus, the total time taken to walk the total
distance d is ¢, + 2t
. The person’s average speed

d d

<V >= =
t1+2t i .\ d
2vO v+,

_ 2vy(v; + vyp)
Tyt v, + 2y

3.7 Position—Time (x — f) Graphs for Motion

Motion of an object can be represented by
a position—time graph as you have already learnt
it. Such graph is a powerful tool to represent and
to analyse different aspects of motion of an
object. For motion along a straight line, say
X—axis the x co-ordinate varies with time and we

Ax
have x — ¢ graph. The slope = & = tan® of

the graph gives the average velocity of an
object for a given time interval. Where, O is
the angle between time—axis and the line. x — ¢
graphs for different types of motion are shown

in Fig 34.
xX(ma
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10
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X — ¢ Graphs for different types of motion
Figure 3.4
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(i) If x — ¢t graph is parallel to time-axis then
the object is at rest. As shown in Figure
3.4(a), the slope of the graph is zero hence the
object is at rest (i.e. its velocity is zero)

(ii) If an object moving along a straight line
covers equal distance in equal intervals of time,
it is said to be in uniform motion (constant
velocity) along a straight line. Fig. 3.4 (b) shows
position-time graph of such a motion which is a
o I

of this
L -4 ]

straight line. The slope = (

line is positive. It shows that the average velocity
of that object is positive and it is moving in
positive X direction. If the slope is negative, the
object has negative average value and it is moving
in negative X direction (see Fig. 3.4 (c)).

(iii) If the x — ¢ graph is a curve instead of
straight line, it is said to be non—uniform motion of
an object. (See Fig. 3.4 (d))

Illustration 4 : A motorcylist travels in a
straight path to a petrol pump in time 60 s,
which is at a distance of 120m in the East
direction from his house. He stays there for
filling up petrol for 120 s and comes back
home by the same path in 90 s. After 90 s
he gets ready for the office. His office is
on a straight way at a distance of 300m in
the West direction from his house. He takes
120 s to reach his office. Draw the graph
of position—time for the motorcycle and find
average velocity for different time intervals.

Solution :
x(m)“
120 4 B
60
o { C D . R
ool 60 120 180 240 300 360 420 480 (s)

Figure 3.5

Take the house on the origin (O) and
consider the displacement in East direction positive
(+Y axis) and distance in west direction negative
(=Y axis). The position—time graph of a
motorcycle will be as shown in Fig 3.5.

Average velocity of motorcycle in OA region

In AB region, Motorcycle is stationary at
petrol pump. ... Average velocity = 0

In BC region, average velocity

In CD region, the motorcycle is at home,
hence, its velocity is zero.

In DE region, Average velocity

= = = == — - _ _ -1

= Ar ~ 480 — 360 _ 2mS

Here, ‘+’ and ‘=’ sign indicates that the
average velocity of the motorcycle is in East and
West direction respectively.

3.8 Instantaneous Velocity and Instantaneous
Speed

In discussion of average velocity and average
speed we saw that the average velocity in any
time interval gives information about how fast an
object has moved over a given time interval, but
does not tell us how fast it moves at different
instants of time during that time interval.

Suppose a particle moving in one dimension
is at position x and x + Ax at time ¢ and ¢ +
At respectively. We can get the average veolocity
of this particle in time interval A¢ from equation
(3.6.2). We do not have the information about its
velocity at different instants (theoretically infinite)
of time during this interval. During this time
interval the velocity of the particle might have
increased or decreased. But it is clear that by
giving smaller and smaller interval of time to a
particle to change its velocity, we get more and
more accurate information about its velocity. To
understand this clearly let us consider the
following illustration.

Suppose, a car starts from rest (at ¢t = 0)
and moves on a straight line in +X direction. The
velocity of the car increases with time. A person
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sitting in the car takes readings of the
speedometer at every second and notes them
along with the distance travelled. Speedometer
indicates the speed of car at that instant. But
our car moves in only one direction, hence the
speed and magnitude of velocity will be same.
Generally, the reading of a speedometer are in it

is km h'l, but we assume that in our car it is in

ms~!. Such observations are tabulated in
Table 3.1

Table 3.1
Time Displacement | Reading of
i(s) from origin Speedometer
x(m) v (ms™
0 0 0
1 1.5 3
2 6 6
3 13.5 9
4 24 12
5 375 15
6 54 18

Suppose we want to know the velocity of
the car at £ = 3 second. To calculate the velocity,
we must know the displacement of the car and
for this displacement car requires some time.
Suppose we take time interval At = 3 s from
t =3sto t+ At = 6. During this time interval,

Value of average velocity

_ ( displacement in 6 s ) — ( displacement in 3 s )
- (6-3)s

= w = +13.5m s~!

But from the table we can see that at
t = 3s the reading in the speedometer was
9m s~ .. Thus, in this calculation, for a time
interval At = 3 s, the value of average velocity
differs a lot from the true value.

Now, we reduce the time interval At = 1 s.
In this time interval,

Value of average velocity

= 2‘1‘1%12‘3)’5 = +10.5m 57!

Here, the car is moving according to position
equation, x = 1.52. From this we will get
x=135mand x = 14415 m for t = 3 s and
t = 3.1s respectively. Now, we will calculate the
value of average velocity for the time interval
At =015,

The value of average velocity

_ 14415 - 135 _ -1
=~31-3 = 9.15m s
On decreasing the time interval still further

and taking it to be At = 0.05 s, the value of

average velocity comes out to be 9.07m s~

So, as we go on decreasing the time interval,
the difference between the calculated value and
the true value goes on decreasing. Now, the
question arises. How much small time interval
is sufficienty small ? you will learn that the
symbol for infinitedsimally small (near to zero

.. . lim
but not zero) time interval is At =0 In such

circumstances two instants of time ¢ and ¢ + At
can be considered as almost the same instant and
the average velocity obtained is called the value
of instantaneous velocity at time ¢ This can be
shown mathematically as follows :

Instantaneous velocity at time ¢,

Iim Ax dx

V= A0 AT T g (3.7.1)

Here, % is called derivative of x with

respect to f. It gives the rate of change of

position with time. —- is also denoted as x.

dt
(Explanation of differentiation is given at the end
of the chapter.)
Instantaneous velocity from x — ¢ graph :
Now, we shall see how to get the value of
instantaneous velocity from the x — ¢ graph. Let
us consider the above illustration and plot the

position—time graph, as shown in Fig. 3.6.
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X — t graph for a car
Figure 3.6

Suppose we want the instantaneous velocity
at time £ = 3 s. For this we select two points P
and Q corresponding to f =3 sand t+ At =6s
and join them by a straight line PQ. The slope
of the line PQ gives the average velocity of the
car in time interval At =6 — 3 = 3 .

Similarly the average velocity in time interval
fromt=3stot+ At=5s,ie. At =2 s can
be obtained from the slope of PQ’. Thus by
reducing the time interval (At), the line passing
through P goes on leaning towards the tangent
to the curve drawn at P and when we take
Atl"_';o, that line would coincide with the

tangent.

We know that there can be many lines
passing through point P but the line which passes
through P and is tangent to the curve at P is
unique. Here, the slope of the tangent at P gives
the value of instantaneous velocity of a car at
time ¢ = 3 s. Note that for uniform motion,
x — t graph is a straight line so that value
of instantaneous velocity is the same as the
value of average velocity.

Instantaneous speed or simply speed is
the magnitude of velocity. For example a velocity

of +5.0m s™! and velocity of —5.0m s7! both have

a speed of 5.0m s~!. The speedometer of car
shows the instantneous speed at that particular
instant. It should be noted that though an average
speed over a finite interval of time is greater or
equal to the magnitude of the average velocity,
instantaneous speed at any instant is equal
to the magnitude of the instantaneous
velocity at that instant.

Ilustration 5 : The position of an object,
moving in one dimension, is given by the
formula x(f) = (4.21 + 2.6) m. Calculate its
(i) average velocity in the time interval from
t=0tot =3 s and (ii) Instantaneous velocity

d(x") o
att=3s. [ dr =nx"
Solufion : (i) x(f) = 4.2 + 2.6
For t = 0, The position of the object
x(0) = 4.2(0 + 2.6
= 2.6 m (initial position)

For t = 3 s, position of the object,
x(3) = 4203)* + 2.6

= 40.4 m (final position)
Average velocity =

final position — initial position
time interval

x(3) — x(0) _ 404 - 2.6
3-0 B 3
=126 ms!
(ii) To find the instantaneous velocity,

differentiate the position equation with respect
to ‘¢.

Instantaneous velocity

dx

_dx _ d
== =3 4.2 + 2.6)

d d
42 Z ) + 7 (2.6)

=422+ 0
= 84t m s}
Putting t = 3 s, v = 8.4(3) = 25.2m s
3.9 Acceleration

If the velocity of a particle is the same for
different time intervals, then it means that the
particle moves with constant velocity. But if the
velocity changes, then the particle has accelarated
motion. The time rate of change of velocity
is called acceleration.

Let a particle be moving in a straight line,
and at time ¢, and 7, its velocities are v, and v,
respectively. Thus, the change in velocity of the

particle in time interval At =, — ¢t is v, — v,.
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According to definition of average acceleration,

change in velocity
time

Average acceleration =

a7 % Av
L -4 At

Average acceleration is a vector quantity and
its direction 1is in the direction of change in velocity
(Av). The SI unit of acceleration is m s~2. From

<a>= (3.9.1)

average acceleration we cannot know how the
velocity of particle changes with time. Taking

lim
At —
acceleration a at time ¢. Instantaneous
acceleration is also called acceleration in practice,

o in equation (3.9.1) we get instantaneous

.. Instantaneous acceleration at time 7 is,

lim Av dv

a= 0N = a3 (3.9.2)
_ &

Now,v—dt

L v _d(&

T dt T odr | dt

.a_d_zx_.. (3.9.3)

T g .

In other words, second derivative of position
with respect to time is acceleration of a particle.

dv . s .
If — is positive, acceleration is along the

dt
o . o av . .
positive X—axis and if @ is negative, the
acceleration is along the negative X—axis. If the
velocity and acceleration are both positive or both
negative, the speed increases. In this case a
particle has accelerated motion. If they have
opposite sign, the speed of particle decreases.
When the speed decreases, we say that the
particle is decelerating. The direction of
deceleration or retardation is opposite to the
direction of velocity. Acceleration of a particle

+2.5m s~2 towards East is same as a deceleration
of 2.5m s towards West.

Illustration 6 : The position of a particle
moving along a straight line is given by
x =2 — 5t + £. Find the acceleration of the
particle at t = 2 s. (x is in metre).

Solution :
Position equation : x = 2 — 5t + £2. To

get the acceleration, differentiate x two times
with respect to £,

dx
dt

.. Acceleration of particle,

_ 4 - _
=@ 5t+ )= -5+ 3°

B d*x d

a="2 =g (=5 + 3% = 6t

Putting ¢ = 2s, @ = 6(2) =12m s>

Illustration 7 : For a moving particle, the
relation between time and position is given by
t = Ax®> + Bx. Where A and B are constants.
Find the acceleration of the particle as a
function of velocity.

Solution : t = Ax*+ Bx

", % = 2Ax+ B

Y= % = (2Ax + B)™! 6}
Now, Acceleration, a = % = % X %

- [%( 2Ax + B )_1] (v) (from eq” (1))

“a= (-1) 2A) QAx+ B)?- v
= —2AV (from eq” (1))
3.10 x — £ and v — ¢ Graphs for Accelerated
Motion
The second derivative of position x with
respect to ¢ is acceleration. The second derivative
of any function is directly related to the curvature

of the graph of that function. In x — ¢ graph, the

point at which graph is more curved, the value
. d’x : .

of acceleration ? = @ is more and point at

d’x
which graph is less curved, ? = g is small.

At a point where x — ¢ graph is concave up
(curved up ward), the acceleration is positive and
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velocity of the particle is increasing. At a point
where x — t graph is concave down (curved
downward) the acceleration is negative and
velocity is decreasing. At a point where the
x — t graph has no curvature (or is a straght
line), the acceleration is zero and the velocity is
constant. Fig 3.7 shows all three of these
possibilities.

AZero slope : v=20

(x) Curve downward : a < 0
m
C Negative slope : v < 0
Curveness zero : a = 0
D Negative slope : v < 0
Curve upward : a > 0
E
B _—
(0]

b

Ll
Positive slope : v > 0> t(s)
Curveness zero : a =0

A
Positive slope : v > 0
Curve upward : a > 0

Xx — t graph for a moving particle
Figure 3.7

Thus, an x — ¢ graph is an easy way to
decide what the sign of acceleration is. But we
cannot easily obtain the value of acceleration. For
this purpose, a v — £ graph of the moving particle
is useful.

From the v — t graph, we can get average
acceleration and instantaneous acceleration. The

! _h v _Av) th
slope 6, — 1, A; | ives the average

acceleration for a given time interval Az. The
instantaneous acceleration at any time is equal
to the slope of the tangent to the v — ¢ graph
at that time.

(i) For a moving particle, if v — ¢ graph is
paralled to time—axis, then its slope will be zero.
Therefore, the particle is moving with zero
acceleration. It means that velocity of the particle

is constant. Such a motion is called uniform
motion (See Fig. 3.8 (a))

(ii) If v — ¢t graph is as shown in Fig. 3.8
(b), (c) and (d) or any other types instead of parallel
line to time axis, then motion of the particle is called
non—uniform motion. As shown in Fig. 3.8 (b),
the slope of graph is positive. Hence, the
acceleration of the particle will be also positive.
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(d)
vy — t graphs for a moving partcile
Figure 3.8
Here, the graph is a straight line, therefore the slope
of the line will be same for any time interval. It is
called constant accelerated motion or uniform
accelerated motion. For such a motion, average

acceleration and instantaneous acceleration are
same for a given time interval.




44

PHYSICS

(iii) For the motion, as shown in Fig. 3.8
(c) the slope of the graph is negative, we say
that particle is decelerating. This is also constant
accelerated motion.

(iv) If the velocity of a particle changes
continuously with time as shown in Fig 3.8 (d),
then the slope of the graph will be different for
different time intervals. Hence, the average
acceleration will be also be different in different
time intervals. This is called non—uniform
accelerated motion. The acceleration at any
time is equal to the slope of the tangent drawn
to the curve at that time.

In this chapter, we will confine ourselves to
study only the uniform accelerated motion.

The velocity—time graph of a moving particle
can be used to find the displacement and distance
travelled by the particle during a given time
interval. The area under the curve of v — ¢
graph represents the displacement of a
particle over given time interval. This
statement is true for any type of motion. The
area of the v — ¢ graph above X—axis is positive
and that below the X—axis is negative. The net
displacement will be the algebraic sum of the
areas under the v — ¢ graph. If we want to find
distance travelled by the particle, then negative
arca of graph should considered positive for
algebraic sum. To understand more clearly,
consider the following example.

Iustration 8 : The v — ¢ graph of a
particle moving in a straight line is shown in
Fig. 3.9 Find (a) the distance travelled during
the first two seconds. (b) the displacement and
total distance during the time 0 to 4s.
(c) acceleration at £ = 0.5 s and ¢t = 2 s.

v N
ms'

+10
+5
E \B R

F D
0 T 4
1 2\ 3 /4 5 6%5)
5
-10
C

Figure 3.9
Solution : (a) Distance travelled during first
two seconds,

x. = Area of AOAB

1
> (AE) (OB)

%(+10)(2) =10 m

(b) Displacement during O to 4 s,
Ax= area of AOAB + area of ABCD

= 2(AEXOB) + 1 (CFYBD)

_ 1 1
=3 +10(2) + 2( 10)(2)

=10-10=0
Distance travelled in O to 4 s,
= Area of AOAB + Area of ABCD

=10+ 10
(Consider area of ABCD to be positive)
=20 m
(¢) At t = 0.5 s, acceleration,
a, = slope of line OA
= 110 __ 00 = 10m s~2
At t = 2s, acceleration,
a, = slope of line AC
_ (=10) = (+10)
B 3-1
= —10m s

3.11 Kinematic Equations for Uniformly
Accelerated Motion

Suppose a particle is moving with a uniform
acceleration ‘a’ along a straight line in
X—direction. Let at t = 0, the velocity of the
particle be v, and at f = ¢, the velocity of the
particle be v. The velocity — time (v — ) graph
for this motion is shown in Fig. 3.10.

T/\
AV I
B
|
: (v-wp)
|
A 1C
I
I
I
I
ID
|
O t t—

Figure 3.10
Derivation of Kinematic Equation for
uniformly accelerated motion from the graph
Here, the acceleration is constant, therefore
the average acceleration and instanteneus
acceleration will be same over any time interval.
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.. Acceleration, a = slope of line AB

_V—V0=V—VO

t—-20 t
A (3.11.1)

or (3.11.2)
Now, displacement of a particle during time
t is equal to the area of region OABCD in
v — t graph.
. x= Area of rectangle OACD + Area of
AACB

SLat=v—v

=Vt + %(v - vo)t (3.11.3)
1
&= Wt + Eat2 (3.11.4)

(Putting, v — v, = a from equation 3.11.1)
From equation (3.11.3)

_ 1 1
X = v0t+ Evt— Evot

V+V0
X = 2 t=vt

Where, Average velocity = v =

(3.11.5)

v+ v
2

(only for constant acceleration)

. v - VO
From equation (3.11.1), ¢t = p s

substituting in equation (3.11.5), we get

v+ vV =y v2—v02
R @ )7 T4

L |2ax = V2 - v} (3.11.6)

Equation (3.11.2), (3.11.4) and (3.11.6) are
equations for uniformly accelerated motion.

The set of above equations was obtained by
assuming that at ¢t = 0, position of the particle, is
x = 0. We can obtain more general equation if
particle at # = 0 is at x = x. In their general
form above equation can be written as follows :
(replacing x by x — x) :

v=v0+at

_ L
x—x0+v0t+ 261

2a(x — x) =V — v}
In the above equations the sign of v, v and
a should be considered according to which the

motion of particle is either along positive or along
negative direction.

Ilustration 9 : A particle with initial
velocity v, moves with a constant acceleration
in a straight line. Show that the distance

travelled in n® second is v, + g(2n -1,

2

Solution : Distance travelled in n® second,

__| distance travelled distance travelled

d _[ in n second J_[in (n-1) second]

1
= (v + Eanz) -

(v(n— 1) + %a (n — 1)»

1
= (v + Eanz) -

Vgt =V, + 5 = 2n 4 1))

= (p+ %anz—von+v0— %anz+an— %)

_a
v, +an — 5

a
v+ 5@n—1

Ilustration 10 : A train is moving with
constant acceleration. When the ends of the
train pass by a signal their speeds are u and
v respectively. Calculate the speed of the
midpoint of the train while passing the signal.

Solution : Suppose length of the train is I
Now, the speed of the front end of the engine
while passing through the signal is # (considering
the train as a rigid body, the speed of all the
points of the train would be same.) and the speed
of back end of the last bogey, while passing the
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signal is v. This means that the speed changes
from u to v in travelling the distance /. Hence,
using the equation of motion v — v > = 2ax, we get
v — u?=2al ¢))
Now, suppose the speed of the mid point of
the train while passing the signal is v'. This

means that speed changes from u# to v' in

travelling a distance é .

Loy — 2=2a(%)=al )

Taking ratio of (1) & (2)

u? +v?
2

Ilustration 11 : Two particles start their
motion from points A and B with velocity

252km h™! and 144km h~! and acceleration

—4m s72 and 8m s72 respectively in the

direction from A to B. Prove that they will
meet each other twice. Find where and when
they will meet. Consider AB = 36 m.

km _

Solution : v, = 252 o 70 m s,
v, = 144 kTm =40ms?, a =—4ms>

and @, = 8 m s
Suppose these two particles meet at time ¢
at a distance x from point A. We use the formula,

1
x=vi+ 5 at?
For the particle starting from A,
x = 70t + %(—4):2

. x = 70t — 2¢ )
For the particle starting from B,

x — 36 = 40t + %(8)1‘2

X — 36 = 40t + 4 )]

Subtracting (2) from (1)

P-5t+6=0

. t =2 ort=3s. Thus, these particles
meet each other at these two times. Substituting
these values of £ in eq.(1) we get x = 132 m
and x = 192 m

Thus, both the particles will meet each other

at a distance of 132 m and again at after at
192 m.

Illustration 12 : When brakes are applied
to a moving vehicle, the distance it travels
before stopping is called braking distance.

Obtain the formula for braking distance.
Solution : Let the distance travelled by the
vehicle before it stops, after the application of

brake be d. From the equation,

VvV — v = 2ax
0 — v = 2(-a)d,
2
-~ d =Y
§ 2a

Thus, braking distance is directly proportional
to square of the velocity of the vehicle and its
braking capacity. Doubling the initial velocity
increases the braking distance four times, for the
same deceleration. Braking distance is an
important factor considered in setting speed limits
in School zones and Hospital zones.

Kinematic Equations for Freely Falling
Body : The acceleration produced in the object
due to Earth’s gravitational force is known as
acceleration due to gravity (g). This acceleration
is in downword direction. This is called
acceleration due to gravity (g). If air resistance
is neglected the object can be said to be in free
fall. If the height through which the object falls
is small compared to the earth’s radius, g can be
taken to be constant equal to 9.8m s~2. Free fall
is thus a case of motion with unifom acceleration.

Consider the upward direction to the along
the positive Y—axis, then the due to gravity will
be in negative Y direction. Therefore, by putting

a = —g in equations of motion,
v=yv,— gt (3.11.7)
y = vt — %gﬂ (3.11.8)
V- v2 = -2y (3.11.9)
(Taking y, = 0)
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For a free fall, the initial velocity will be zero
ie. v, = 0 in above equations.

Sometimes it is convenient to choose
vertically downward as the positive Y—axis and
upward as negative Y—axis. Then the a = g in
equations of motion.

For a free fall, the y— ¢, v—tand a — ¢
graphs are shown in Fig. 3.11.

t(s)—»

-10 1 2 3 4

t(s)—»

1 2

Se

-TIO * -9.8 m/s?
a

(w/s?)

(c)

Graphs of motion for free fall

Figure 3.11

Ilustration 13 : An object is thrown in
vertically upward direction. Calculate (a) the
time to reach maximum height (b) the
maximum height.

Solufion : (a) Consider the vertically upward
direction as positive then v, will be positive and
the acceleration due to gravity will be negative
(—g). At the maximum height v = 0.

Therefore, from v = v, + at we get,

0=v,— gt
0
=
8
(b) If maximum height achieved by the object
v

is A, then, puty = h, t = ?0 and a = —g in the

. 1
equation y = vt + —at2

. 1 1%
. h=v Zg[gJ
V 2
=?_2g
2
hva

2g

Illustration 14 : A stone after having
fallen from rest under the influence of gravity
for 6 s crashes through a horizontal glass plate,

thereby losing % of its velocity. If it then

reaches the ground in 2 s, find the height of
the plate above the ground.

Solufion : The velocity v of the stone just
before striking the glass plate is given by.

v=y,+ gt
Here, v, = 0, 2 =-98m s_z, and t = 6 s.
“ v=0+ (-9-8) (6) = —58-8m s

After striking, the stone loses 2 of its

3

veloctity, therefore, velocity of the stone after
striking,

588

v, =3 =23 =-196m s’

Suppose, the height of the glass plate above
the ground is 4.

. h—vt+—gt2

Put, v,=—196m s, 1 =25, g =—98m 7,
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—h = (-196 X 2) + % (-9-8) (2)?

s h=588m

INlustration 15 : A coin is dropped from
a balloon going up with a uniform velocity of
12m s~%. If the balloon was 81m high when
the coin was dropped, find its height when the
coin hits the ground. Take the g = 10m s>

Solution : At ¢ = 0, the coin was going up
with a velocity of 12m s~!. After that it moved

as a freely falling body. Take vertically upward
direction as positive,
y=-8lmy,= 2ms),a=g=-10ms?>

y =yttt %gt2

—81 = (12)t + %(—10):2

52 -12t—81=0

_124 \/(12)2—4(5)(81) 12 + 42

2(5) 10

* t =545 OR t = -3 s, which is not
possible i.e. the coin reaches the ground after
5.4 s. During this time the balloon has moved
uniformly up. The distance covered by it is,

¥, = (velocity X time) = (12) (5-4) = 64-8m.
Hence, the height of the balloon when the
coin reaches the ground is,
81 m + 64:8 m = 145-8 m.
3.12 Relative Velocity

Motion is a relative concept. We had earlier
seen that the velocity of an object is different
for different frame of reference. Our common
experience is that, for a person sitting in a train,
the speed of a fly flying in the train along the
direction of moving train appears to be less
observed by a person standing on the ground. If
the fly is moving in the direction opposite to the
motion of the train, the stationary person on the
ground will find the speed of the fly to be less
than the speed of the train. To understand such
observations, we now introduce the concept of a
relative velocity.

Let A be the frame of reference associated with
person standing on the ground. B is the frame of
reference associated with the train moving with
uniform velocity. Both these reference frames are
inertial frames of reference. Let us denote the fly
with P. Then, let x,, be the position of P with respect

to origin O of frame of reference A, and Let x,, be
the position of P with respect to origin O’ of frame
of reference B at ¢ = 0. (See Fig 3-12)

Y AA YBA Reference Frame B
< .
T
g A (Train)
<~
< g
3 (<]
g 0 /
I O P
qg 0 i —
*BA B |
XpA o
Relative Velocity
Figure 3.12
From the Fig. 3-12,
Xpa = Xpg T Xpa

Differentiating with respect to ‘¢,

d(xPA) — d(xpB) + d(xBA)

dt dt dt
“ Vpa = Vpg T Vpa (3.12.1)
OR vy, = Vp, = Vpp (3.12.2)
Here, v, = velocity of P (fly) with respect

to reference frame A (ground)

vpp = velocity of P with respect to
reference frame B (train)

vga = velocity of reference frame B w.r.t.
reference frame A.

In the above illustration, let Vga =t 10m s
be the velocity of train with respect to the ground,

Vpg = t2m s be velocity of fly with respect
to the train (in the direction of moving train).

From equation 3-12-1. The velocity of the fly
with respect to the ground will be v, = 10 + 2
= +12m s, This velocity is greater than the
velocity of train. If the fly in the train flies in
the opposite direction to the motion of the train
then v, = —2m s7! and its velocity with respect
to the ground will be v,, = 10 — 2= 8m s’
Now, if P is the frame of reference

associated with the ground (G) and reference
frames A and B are associated with two particles,
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then from equation 3-12-2, the relative velocity
of particle B with respect to particle A will be,
V. — Vsp (3.12.1)
Vea = VG ~ Vac™ VB ~ Va (3.12.3)
In the same way, the relative veocity of
particle A w.r.t. particle B will be

v VA VB

AG and Vpg are the relative velocities w.r.t.

ground can also be denoted by v, and vy
respectively)

Relative Displacement : Consider two
particles A and B moving along the X—axis with

=V

BA GA

AB =V

(v

AG ~ BG

uniform velocities v A and Vg . Let x A0 and Xpo

be their displacement from the origin Oatt=0
as shown in Fig. 3-13.

Y
N
<_xBO _>'
<_XAO_>I
o . . > X

(position of particles at ¢t = 0)

N
€ xg

<—xA—>|<—"B'xA—>l
o] ‘
(position of particles at t = 1)

Figure 3.13
If x, and x; are their position co-ordinates

then, at t = ¢, Xy = Xug T vt
Xg = Xpo + Vgt

At t = t, the displacement of particle B with
respect to particle A,

Xy — X, (x - X\0 ) + (vB - vA)t
(3.12.4)
Where, x50 ~ %a0 is the displacement of

particle B with respect to particle A at ¢ = 0.
Vg — V4 = Vpals the relative velocity of B with
respect to particle A.

(i) When V, = Vg then from equation
(3.12.4), Xg = X, = Xgo Xpo This means that
the distance between two particles will remain
equal to initial distance at any instant of time.
(See Fig. 3-14 (a)) Here, relative velocities of
both the particles will be v, = v, = 0.

(i) If v, > vy, both the particales will meet
at time #. (See Fig. 3-14 (b))

X
(m) A

BO

AO

>1(s)

AV ——

VA~ VB

(b)
Figure 3.14

At this instant, their relative displacement will
be x; — x, = 0. There after particle A overtakes
particle B at this time.

(iii) If v; > v,, then the relative displacement
x5 — x, of both the particles will increase with
time. Therefore, they will never meet on their path.

Mlustration 16 : When the driver of
Shatabdi Express, running with velocity v,
sights a goods train going ahead of him at a
distance x in the same direction on the same
track, running with velocity v, (where

Vv, < v, ) he applies brakes. In order to avoid
an accident, what should be the magnitude of
the deceleration produced by the brakes ?
Solution : It is clear that the velocity of
Shatabdi Express relative to goods train is

v, — v,. If this relative velocity becomes zero in

distance x, the accident can be avoided. Let the
necessary deceleration for this be a. Using the

formula 2ax = v* — vo2 we get

_ 2
- 2ax = O—(vl—vz)
(v1 - v2)2
>
Mlustration 17 : Two cars A and B are

at positions 100m and 200m from the origin at
t = 0. They start simultaneously with constant

' a=




50

PHYSICS

velocities 10m s~! and 5m s7! respectively in
the same direction. Calculate the time and
position at which they will overtake one
another.

Solution :

Xgo = 200m, X0 = 100m

_ -1 _ -1
vA—IOms ,vB—Sms

Now, Xy — X, = (xBO - xAO) + (vB - vA)t
Suppose, at ¢t = £, both the cars overtake
one another.

Therefore, Xy = X, and Xg— X, = 0

0 =200 —100)+ (5—10) ¢

=20s

.- 100
L t= g

Now, let both the cars overtake one another

at distance x from x AO"

= on + VAt
= 100 + (10) (20) = 300m

o X

Illustration 18 : The distance between
Ahmedabad and Vadodara is 100 km. Two

trains set off simultaneously from
Ahmedabad and Vadodara towards each

other. The speed of these trains are 45 kmh™
and 30 kmh™' respectively. When will they

cross each other ?

Solution :

Speed of train set off from Ahmedabad
v, = 45 kmh™'

Speed of train set off from Vadodara

vy = —30 kmh™’
(this train is moving in opposite direction)
Xgo — ¥po = 100 km

When both the trains meet, the relative

displacement will be zero. i.e., x5 — x, = 0.

X T X, = Gy — X)) T (g vt
0= 100 + (=30 — 45)t

100 4
Lt = 75 = 3hours.

SUMMARY

Frame of reference : A place (and a situation) from where an observer
takes his observation is called a frame of reference.

Path length : The distance travelled by a particle in some time interval is
called path length. It is always positive.

Displacement : The change in the position of an object in some time interval
is called displacement.

Displacement = final position — initial position.

Displacement can be positive, negative or zero. The path length can be equal
to or greater than the displacement.

Average Speed and Average Velocity :

The ratio of the path length and the time taken for travelling it, is known as
average speed.

The ratio of displacement and the time taken for travelling it is known as
average velocity.

.. displacement  Ax
Average velocity = Seans = oo
Average speed is always positive, the direction is not important. Average velocity
is in the direction of displacement. It can be positive or negative. For a given
time interval the average speed can be equal or to greater than the average
velocity.

Instantaneous velocity : In a given time interval, average velocity does not
give the information about how fast the object moves at different instants. By




MOTION IN A STRAIGHT LINE 51

10.

11.

12.

taking Atl "_")0 in the definition of average velocity, it gives the instantanous
velocity at time 7.

Instantaneous Velocity

_ lm Ax _ dx
V= A0 ar T g

The magnitude of instantaneous velocity is called instantanous speed.

When a particle moving on a straight line covers the same distance in the
same time intervals, its motion is called uniform motion.

In x — ¢ graph, the slope of the line connecting the final position and the initial
position gives the magnitude of average velocity for a given time interval. In
x — t graph, the slope of the tangent drawn to the curve at a point gives the
magnitude of instantaneous velocity at that instant.

Average Acceleration and Instantaneous Acceleration : If the change in
velocity of an object is Av in time interval Af, then,

Average acceleration

change in velocity Ay
time interval ~ Af

<a>=

Instantaneous acceleration at time ?,

2

_ lim Av _ v _dfdx)_dx
= At—>0Ar ~ gr 4T g\ drt dr?

Acceleration is a vector quantity. It is in the direction of change in velocity

The SI unit is m s 2

The slope of velocity versus time graph gives the value of average
acceleration for a given time interval. The slope of the tangent drawn at a
point, gives the value of acceleration at that instant. If velocity and
acceleration are in the same direction, the speed of the particle increases.
If they are in opposite direction speed decreases. This is known as
deceleration of a particle.

The area under the v — ¢ graph for a given time interval is equal to the
displacement / (total distance) of the particle. For finding the total distance,
consider the negative area as positive.

Kinematic Equations for Uniformly Accelerated Motion :

v=y,+at where, x,, = initial position of a particle.
= Lo = final position of icl
x—x0+v0l‘+2 X = final position of a particle.
vV —v’=2a (x—x) v,=Initial velocity
v = Final velocity of a particle.
Velocity of particle B with respect to particle A is v,, = v, — v,. Velocity of

particle A w. r. t. particle Bis v,, =v, —vpand v,; = —v,,
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| EXERCISES |

Choose the correct option from the given options :

ll

A car moves from one end of a semicircular path of radius 7, to the other end.
For this car, ratio of pathlength to the magnitude of the displacement will be

...........

@2 ®) CE4 ®) 2

A person travelled a distance of 3 km along a straight line in the North direction,
then he travelled 2 km in West direction and then 5 km in South direction. The
magnitude of the displacement of this person would be .......... .

(A) 24/2 km ®) 3v2km (©) 442 km (D) 10 km
As shown in Fig. 3.15, an ant

moves from point P to Q along Q

the circular track of radius 1m.

If the time taken is 1 minute,

what is the average velocity

of the ant ? A

(A)—ms () —ml

I

© 1e0™ % (m——ms‘

An object is thrown in vertically upward direction. Which of the following
velocity time graph is appropriate for it ?

v v v/\

>~ D

~y
Lo X' 4

/ ! \\;
@ ® © )
Figure 3.16

The change in speed of a car,
during a journey of the car for
2 hours, with time is shown in N

Fig. 3.17. The maximum v C E
acceleration of the car is in the ")

(A) OA
(B) BC
(C) CD o
(D) DE

£(s) -

Figure 3.17
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6. Fig. 3.18 shows the graph of v A
speed versus time for a moving ™%
truck. What will be the distance 20 =
travelled by truck car in the last
two seconds ? 15
(A) 60 m 10
(B) 90 m 5
(€) 20 m 1 2 3 4 5 6 7
(D) 40 m Figure 3.18
Fig. 3.19 shows the graph of
velocity versus time for a (m‘,)s)’\
moving particle. The 12
displacement of a particle in
time interval from O to 20s is
........... 0 T > t(S)
10 =20
A) 0 I
(B) 60 m -12
(©) 120 m
(D) -120 m Figure 3.19
Fig. 3.20 shows the graph of velocity (v) of a moving object with position
(x). Which of the graphs shown in Fig. 3.20 (a) correctly represents the variation
of acceleration (a) with position (x) ?
A
v
%)
% x
Figure 3.20
A A
: 1 1 ]
! ! 0 = =
o — 0 — v v
@ ®) © (d)

Figure 3.20
Note : From the graph, slope of line will be m = — % and intercept will be

C = v,. Therefore equation of line will be v = (—%) X = v, now

obtain equation of acceleration.
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9. The velocity time graph of a

body is shown in Fig. 3.21. v 1

What will be the ratio of the @/

average accelerations during the

intervals OA and AB ?

1 60° 30°
A 1 ®5 o n — (5
(&) % (D) 3. Figure 3.21
10. The displacement of a particle is given by : y(f) = a + bt + c£* — dt*. Hence,

the initial velocity and initial acceleration of the particle are .......... and ..........

respectively. (a, b, ¢ and d are constants)

(A) b, — 4d B) b, 2c © b, 2c D) 2c, 4d.

11. The graph of displacement versus time is shown in Figure 3.22 for a particle
performing motion on X—axis. From this graph we can say that...

(A) the particle is moving
continuously in A
X—direction. g

(B) the velocity of the

particle increases up to
time £, and then become
constant.

(C) the particle is stationary.

(D) the particle travels with >
constant velocity up to o !
time ¢, and then its
velocity becomes zero. Figure 3.22

12. The displacement (in metre) of a particle varies with time (in second) according
to the equation : y = —% £ + 16t + 2. How long does the particle take to
come to rest ?

(A) 12 s B)8s ©) 16s D) 10 s

13. The position of an object varies with time ¢ as x = af* — b’. At what time
will the acceleration of the object will become zero ? (Where a and b are
constant)

» 2 ® & © & (D) zero

14. Displacement of an object is related to time as x = at + b#* — cf° where, q,

b and c are constants of motion. The velocity of the object when its acceleration
is zero is given by .......... .
b? b? b

b2 b
(A)a+T (B)a+¥ (C)a+? D) a + ”
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15. An object is allowed to fall freely from a cliff. When it travels a distance ‘h’,

its velocity is v. Hence, in travelling further distance of .......... its velocity will
become 2v.
(A) 4h (B) 3h ©) 2h D) h.

16. When a ball A is thrown in vertically upward direction with velocity v, exactly
at the same time another ball B is allowed to fall freely, from height 4. The
velocity of A with respect to B at time 7 is .......... .

(A) v, ®) v, - 2t

©) v, — gt O) v, - 2gh

17. The ratio of the distances travelled in the fourth and the third second by a
particle, moving over a straight path with constant acceleration, is .......... .
7 5 7 3
@) % ® 3 © 3 © 3

18. A car, starting from position of rest, moves with constant acceleration x. Then
it moves with constant deceleration y and becomes stationary. If the total time
elapsed during this is £, what was be the maximum velocity of the car ?

55

@ 52t ® ;151
nyZ x2y2
© x2+y2t (D)xz_yzt

19. A car moving over a straight path, covers a distance x with constant speed of

v, and then the same distance with constant speed of v,. Average speed of a
car would be obtain by .......... formula.

+
(A) v % ®B) v = Y,

© 2=

|
=
+
W |
]
< |
Il
|
+
|

20. The x — ¢t graph of a body
moving in a straight line is (m)
ghown in Fig. 3.23. Which one
of the graphs shown in Fig.
3.24 represent the v — ¢ graph :

of the motion of the body ? 2 4 6 B 1@

Figure 3.23
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(a) (b)
N N
v ms’!
m s
0 T T T > 0 1 | 1 t>
2 4 6 £(s) 2 4 6 g8 (s
(a) (a)
(c) (d)

21.

23.

24.

Figure 3.24

A ball is thrown in vertically upward direction. Neglecting the air resistance,
acceleration of a ball in air will be...

(A) zero
(B) continuously increasing
(C) remain constant

(D) increase when ball is going up and will decrease when it is coming down.

. A balloon starts rising from the ground with acceleration of 1.25m s72 After

8 s a stone is released from the balloon. How much time will it take to reach
the ground ?

(A)2s B)4 s )65 D) 10 s
Fig. 3.25 shows the x — ¢ x(m) P
graphs of car A and B. The
velocity of car A with respect 254 B
to car B will be... 20- A
(A) +5m s7! 154 .
101 |
(B) —2.5m 57! |
5 :
—_ -1 T T I T T >
(C) —5m s 0" 234 6 8 10 Is)
(D) +2.5m s7! Figure 3.25

In above question (No. 23), what would be the position of the car B with
respect to the car A at t = 0 ? (Assume that car B stants uniform motion
from ¢ = 0).

(A) +15 m (B) -15 m (C) —10 m (D) 25 m
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ANSWERS

1. (A) 2.A) 3D 4O 5 @B 6 (@©
7. (A) 8. D) 9. 10.(C) 1. (D) 12 (A)
13. (C) 14.(C) 15. B) 16. (A) 17. (A) 18. (B)
17. (C)  20. (D) 21. (C) 22.(B) 23.(B) 24. (B)

Answer the following questions in short :

WO e

e un B

10.

11.

What is the difference between average speed and average velocity.
What is acceleration ? What is its direction ?

What is braking distance ?

Can the x — ¢ graph of a moving object be paralled to the position axis ?
When will the relative velocity of two moving cars be zero ?

An object is falling freely under the effect of gravitational force. What will be
the distance traveled by the object in 1 s ?

What do the slope and the area under a v — ¢ graph represent ?

A ball is thrown up in air. What is the acceleration and velocity at the instant
it reaches its maximum height ?

In one dimensional motion, can an object has zero velocity and non—zero
acceleration at any instant ? Give one example.

Draw a nature of a graph of a velocity versus time and acceleration versus
time a for freely falling body.

What does the area under acceleration versus time graph for any time interval
represent ?

Answer the following questions :

1.

b3

W

un

Explain the difference between pathlength and displacement with the help of
an example.

Explain instantaneous velocity.
Explain x — ¢t and v — ¢ graphs for uniform motion.

Using the graphical method, obtain the kinematic equations for uniformly
accelerated motion.

Explain relative velocity.

Solve the following problems :

A motorcyclist covers % of a given distance with a speed of 10 kmh™!, the

next % at 20 kmh™! and the last % at of 30 kmh™'. What is the average

speed of the motorcycle for the entire journey ?
[Ams. : 16.36 kmh™]

The distance between two stations is 40 km. A train takes 1 hour to travel this
distance. The train, after starting from the first station, moves with constant
acceleration for 5 km; then it moves with constant velocity for 20 km and
finally its velocity keeps on decreasing continuously for 15 km and it stops at
the other station. Find the maximum velocity of the train.

[Ans. : 60 kmh™]
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10.

A monkey standing on the ground wants to climb to the top of a vertical pole
13m tall. He climbs 5m in 1s and then slips downwards 3m in the next second.
He again climbs 5m in 1s and slips by 3m in the next second and so on. Draw
the x — ¢ graph of the motion and hence find the time he will take to reach
top of the pole.

[Ans. : 9 s]
A motorcycle, starting from rest, moves with constant acceleration of
+2.6m s~2. After travelling a distance of 120m, it accelerates with —1.5m s~2 till

its velocity becomes +12m s~ Calculate the total distance travelled by the
motorcycle during this journey.
[Ans. : 280 m]
A ball thrown in vertically upward direction attains maximum height of 16m.
At what height would its velocity be half of its initial velocity ?
[Ams. : 12 m]
An object is allowed to fall freely from a tower of height 39.2m; exactly at the
same time another stone is thrown from the bottom of the tower in vertically
upward direction with a velocity of 19.6m s~! Calculate when and where these
two stones would meet ?
[Ans. : 25, 19.6 m]
The motion of a body along a straight line is described by the equation :
x=F+4F -2t +5
Where x is in metre and ¢ is in second.
(a) Find the velocity and acceleration of the body at t = 4 s.
) Find the average velocity and average acceleration during the time
interval from t = 0 to t = 4s.
[ Ans. : (@) v = 78m s\ a = 32m s 2 (b) < v > = 30m s},
<a>=20m s_z]
A driver of train A, moving at a speed 30m 7! sights another train B going
on the same track and in the same direction with speed 10m s™'. He immediately

applies brakes that gives his train a constant retardation of 2m s2. What must
be the minimum distance between the trains in order to avert a collision ?

[Ans. : 100 m]
An object is moving with constant acceleration. Its velocity is 48m s7! at the
end of 10 second and becomes 68m s~! at the end of 15 second. What would
be the distance travelled by the object in 15 second ?

[Ans. : 570m]
The v — ¢ graph of a particle (n:)/sj\
moving in a straight line is 12 2
shown in Fig. 3.26. Obtain the
distance travelled by the particle
from (@) t = 0 to f = 10 s, B
and from (b) £ =2 s to 6 s. 0] 5 1'0 t(s>)

[Ans. : 60m , 36m]
Figure 3.26
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A 120m long train is going from East to West with velocity 10m s™! A bird,
flying due East with velocity 5Sm s~!, crosses the train. Calculate the time
taken by the bird to cross the train.

[Ans. : 8 s]

If velocity (in m s™1) varies with time as v = 4¢, find the distance travelled by
the particle in time interval of t =2 sto t =4 s.
[Ans. : 24m]

APPENDIX 3.1
DIFFERENTIATION

When the value of a quantity changes, it takes some time. For example, when
a bowl of water is placed on a hot plate, and suppose the temperature (T) of

water incereases from 30°C to 75°C in 5 minute. So, the average rate of
increase in its temperature, in this time interval is 9°C/min.
AT 75°C =805G

Average rate of change in temperature = AP - 5 min = 9°C/min

9°C/min is the time rate of change in temperature. But in order to find the
change in temperature at a particular instant, we have to use the concept of
limit.

Suppose, at time ¢ the temperature is T and at time ¢ + At it is T + AT.
Thus, the change in temperature is AT in the time interval Az. Now taking the

AT
time interval At smaller and smaller in the ratio A_t , we get this rate of

change nearer to the instant ¢, and by taking limit Az — 0, we get the rate of

change of temperature at time z. Symbolically this is written as %

. lm AT _ 4T
* At—>0 At T dr

Here, is called the derivative of temperature (T) with respect to time

ar
dt
(®). The operation of obtaining the derivative is called differentiation.

Suppose, a quantity y is a function of another quantity x. i.e. y = f(x). When
there is a change in x, y also changes according to the function f(x). In order

to find the rate of this change (with respect to x) at any value of x, we must

d d
find Ey at that particular ‘x’. In y versus x graph, ay gives the value of

slope of the tangent drawn at point x = x.
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Figure A
For the curve shown in Fig.(A),
: dy
the slope of the tangent drawn at a point P = tanf, = E x=x
o _ Y
the slope of the tangent drawn at a point R = fan6, = T Lt
, dy
the slope of the tangent drawn at a point Q and S = tan180° = HL = 0.
: " 3 .. dy ; :
From the Figures it is clear that the point at which e 0, y is maximum
2

(point Q) or minimum (Point S). If E%) < O then y is maximum and if

d’y dy  a(dy
de®  dx

? > 0, then y is minimum. Here, = ajis called second

derivative of y with respect to x.

d
If we are given the graph of y versus x, we can find h at any point of

dx

curve by drawing tangent at that point and determine its slope. If no graph is
drawn but an algebraic relation between y and x is given in the form of an

d
equation, we can find Ey algebrically. Let us take an example.
Suppose, A is the area of a square with length L.
Therefore, A = L2.

If we increase the length by AL, the area will also increase by AA. The new
length of the square will be L + AL and new area will be A + AA.

A+ AA= (L + ALY =12+ 2L AL + (AL)?
. AA= 2 LAL + (ALY? (‘A =13

AA
-~ AL =2L + AL
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dA
Thus,

dA lim  AA
dL. ~ AL—>0 AL

AA

= 2L

Now, if AL is made smaller and smaller, 2. + AL will approach to 2L.

d
Following table gives the Ll for some important functions.

d
2. —@m=1

d
3. )=

. b _ D
’ dx = du

dy

dx

d
4. Ify=u + v, then

6. Ify=%,then—=

where k is a constant.
dy _du | dv
dx = dx — dx
y dv  du
dx dx dx
du dv
dy Va—ua
dx 2
du
dx
3 dy
i fid dx

5. Ify=uv,thend—=u—iv

dx
dy dy
Y dx Y dx
Xk nx™1 sec x sec X tan x
sin x cos x cosec x —cosec x cot x
= 1
cos x —sin? x Inx =~
tan x sec* x
cot x —cosec* x e e
sin kx k cos x a* alna
cos kx —k sin x
Working rules of derivatives :
d )
1. a(k) = 0 (where, k is a constant)
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L= = o) + e (4 _21')+ a (-3x2)
T dx  dx o i dx

= -1 _
3¢+ 4( 21)x2' by D

3
I — 22 + 6xF

APPENDIX 3.2
INTEGRATION

Standard formulae are available to find out the area of regular shapes like
triangle, square, rectangle, circle, etc. Here, we shall study a method to find
out the area of an irregular shape and during this study we shall get some idea
regarding integration.

Suppose, some quantity y is a function of a variable quantity x, i.e. y = f(x).
Suppose the graph of y — x is as shown in Fig. (B).

Here, we want to find the area (PQRS) under the curve enclosed between
x=x,and x = x

N
y = fix) R
/ﬂ"'
T
_____ Qe Iy
P v 8 it
Xo X, X, Xy o
Figure B

For this purpose we divide the area between x, and x in N strips, each of
infinitesimal width Ax.

From the Fig. (B) it is clear that the sum of areas of all such strips is the
required area.

For the first strip (x, to x, = x, + Ax) taking fix) = fix))

area AA, = flix )Ax.

For the second strip (x, to x, = x; + Ax) taking fix) = fix,),
area AA, = flx,)Ax.

Thus, total area obtained by taking sum of the area each strip is,
A = fx)Ax + fix)Ax + ... + flx)Ax

N
= Z‘l,f (x)Ax (1)
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But this area (A') will be slightly different from the actual area (A) which we
want to find. The reason is as follows :

AA, = fix)Ax is the area of the rectangle PQUYV, but the required area is of
the strip PQTV. Thus, in the first step the calculated area is somewhat less
than the true area of the strip. Same will happen for the other strips also.

It is obvious that as we keep on increasing the number (N) of such strips
(i.e. decreasing the width Ax), the difference between the calculated area and
the actual value will keep on decreasing. And by taking the width of strip
Ax — 0, we can get the exact value. Symbolically,

N
lim
A= x—>0i§;f(x")x

XN
= [V FCx dax
0
Thus, it can be said that the limit of summation is integration.
xN . -
J.xo S( x )dx is the continuous sum at ftx) over x, from x = x, to x = x.

It is called the (definite) integration of f{x). Over x from X, to x. Integration
is a reverse process of differentiation.

Integrals of Some Standard Functions :

fx) FG) = [£( x )dx fx) Fo) = [f( x )dx
n+1 n+1
n n l(ax+b)
X n+1+c (ax + b) A + c
n#+1)
% nx+c sin x —cos x + ¢
e &+ c cos X sin x + ¢
il lek"+c sin kx —lcosx+c
k k
a* 1
at —+c cos kx —sin kx + ¢
Ina k

In this table ¢ is an integration constant. (definite) integration done between
definite limits has got a definite value e.g.,

4 47" 1
dae J[ES S b 2
Lxdx—[4]1—4[(4)4 (H*1

il
.l 256 - 1)

= 63.75
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t .
Ilustration : Evaluate I0A81n ot dt

t
t . —COS Wt
Solution : IOASIHwt dt = A[T}O = % (1 — coswt)

oo

GMm o )
Nlustration : Evaluate .[R x—2 . Where G is a constant.

< GMm |
Solution : JR x—zdx = GMm [ x—zdx

1 o0
= GMm|:——]
X 1R

oun| -2~

GMm

R
After getting this primary information about differentiation and integration. Now
we will now obtain the kinematic equations for uniformly accelerated motion.

Illustration : Obtain the equations of motion for uniformly accelerated motion
along a straight line, using method of calculus.

Solution :
(1) Relation Between Velocity and Time :
According to the definition of acceleration,
dv
dt
dv = adt

Now, at ¢ = 0, velocity is v = v, and at ¢ = ¢, the velocity of an object is

v = v. Taking integration on both the sides of the equation,

v t
J.VO dv = .[nadt
v -
[ v ]Vo =af ¢ ]; (a is constant)

vV —v, = at
orv =y, + at ¢y
(2) Relation Between Position and Time :

According to the definition of velocity,

dx
dt
. dx = vdt

At t = 0, the position of an object is x, and at ¢ = ¢ object is at x.

y =

Taking integration on both the sides of the equation,
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_[x dx = J.(t)vdt

t
_[0( v, + at )dt

t t
- _[Ovodt - _[Oat dt
el =nle ] ve & |
0

1
X=Xy =Vt + Eaz‘2

1
or x = x, + vt + 5af

(from eq.. (1))

5 @
(3) Relation Between Velocity and Position :
R S O T
Tdt T dx N dt T dx “ar TV
. adx = vdv
when x = x, the velocity is v = v, and when x = x, the
velocity is v = v
X v
., I adx — J vdv
%o Yo
x v
. = vdy
) aj‘xodx ‘["o
-,
d+F | %]
X L v
e
ax—x)=|7 "3
S 2ae — X)) = A — 2 ?3)

Equations (1), (2) and (3) are the equations of motion for constant acceleration.
The advantage of this method of calculus is that it can be used for motion
with non-uniform acceleration also.




