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METHOD OF IMPULSEAND MOMENTUM

Until now, we have studied kinematics of particles, Newton’s laws of motion and methods of work and energy.
Newton’s laws of motion describe relation between forces acting on a body at an instant and acceleration of the body
at that instant. Therefore, it only helps us do analyze what is happening at an instant. The work kinetic energy

theorem is obtained by integrating equation of motion ( F = mga ) over a path. Therefore, methods of work and energy
help us to in exploring change in speed over a position interval. Now, we direct our attention on another principle —

principle of impulse and momentum. It is obtained when equation of motion ( F = ma ) is integrated with respect to
time. Therefore, this principle facilitates us with method to explore what is happening over a time interval.

Impulse of a Force

Net force applied on a rigid body changes momentum i.e. amount of motion of that body. A net force for a
longer duration cause more change in momentum than the same force acting for shorter duration.
Therefore duration in which a force acts on a body together with magnitude and direction of the force
decide effect of the force on the change in momentum of the body.

Linear impulse or simply impulse of a force is defined as integral of the force with respect to time.

acts on a body, its impulse in a time interval from ¢ to ¢, s given by the following equation.
If a force F

Edujournal

tr
| = 'Fdt

mp

If the force is constant, its impulse equals to product of the force vector F  and time interval At.

™ = F (At)

For one-dimensional force, imp Ise eq als to area between force-time
graph and the time axis. In the given figure is shown how a force F
along x-axis varies with time t. Impulse of this force in time interval t; to
tr equals to area of the sha €d portion.

If several forces F1, F2, F3 ... F acton  body in atime interval, the total impul

equals to impulse of the net force.

tf tf tr tr

= [ F s Fdt= (F+Fs .. +F Dot
mp t "

1 ff/:zdt+ .............. +

ii Jltr
fl/’

Impulse is measured in newton-second.

Dimensions of impulse are MLT""

Example
Calculate impulse of force F:(s = T
t i-Qt-1)j + 2k ) N over the time interval from t=1sto t = 3 s.
Solution.
O N D T S
’mp J”th—> | = 3t C2t-1 ., tz-t. AW_.ts] -t [2t1
o i~ Jy2k)dt=|ti- P =0 -jlt Jiek
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Example

A one-dimensional force F varies with time according to the given
graph. Calculate impulse of the force in following time intervals.

10
(@)Fromt=0stot=10s. AN
(b)Fromt=10stot=15s. ! ,

5 10N\_15 t(s)
(c)Fromt=0stot=15s. \ °

Solution. F oo
For one-dimensional force, impulse equals to area between 10 A B
force-time graph and the time axis. ,
(@) loo10 = Area of trapazium OABC = 75 N-s © N 16}
(b) lho-15 = — Area of triangle CDE = — 25 N-s D\ED

(c) lo-15 = Area of trapazium OABC — Area of triangle CDE = 50 N-s
Impulse Momentum Principle

Consider body of mass m in translational motion. When it is moving with velocity v, net external force

acting on it is . Equation of motion as suggested by Newton’s second law can be written in the form

Fdt=d(mv
)

If the force acts during time interval from t; to t; and velocity of the body changes from v; to v , integrating the

above equation with time over the interval from ¢ to fr we h ve

tr

det:me' mv;

ti

Here left hand side of the above equation is imp o
Ise I'mp of the netforce F in time interval from ¢; to t;, and

quanties mv; and mv; on the right hand side are linear momenta of the particle at instants ¢, and t:. If we
denote them by symbols p; and p; , the above equation can be written as

|

"=p -pi

f
Edujournal
The idea expressed by the above equation is known as impulse momentum principle. It states that change in
the momentum of a body in time interval equals to the impulse of the net force acting on the body during the
concerned time interval.

For the ease of application to physical situations the above equation is rearranged as

+ 1 mp
i =
P
This equation states that impulse of a force during a time interval when added to momentum of a body at
the beginning of an interval of time we get momentum of the body at the end of the interval concerned.

Since impulse and momentum both are vector quantities, the impulse momentum theorem can be
expressed by there scalar equations making use of Cartesian components.

+ v/
p1x Z mp,x = pz x
p +yl _
1y Z mpy ,02 y
+ vl
p1z Z mp ,z :,02 z

The impulse momentum principle is deduced here for a single body moving relative to an inertial frame,

therefore impulses of only physical forces are considered. If we are using a non-inertial reference frame,
impulse of corresponding pseudo force must also be considered in addition to impulse of the physical forces.
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How to apply Impulse Momentum Principle
The impulse momentum principle is deduced here for a single body, therefore it is recommended at
present to use it for a single body. To use this principle the following steps should be followed.

(i) Identify the initial and final positions as position 1 and 2 and show momenta p4 and p. of the body at
these instants.
(ii) Show impulse of each force acting on the body at an instant between positions 1 and 2.

(iii) Use the impulse obtained in step (ii) and momenta obtained in step (i) into equation p; +/mp = pr .
Consider a particle moving with momentum p1 in beginning. It is acted upon by two forces, whose impulses in a

time interval are / mp1 and I mp 2 . As a result, at the end of the time interval, momentum of the particle

becomes pz . This physical situation is shown in the following diagram. Such a diagram is known as
impulse momentum diagram.

/
mp 1
p 2
P1 -
I ’ !
( 9—» + ) — me2
Example

BEYPRisane TS Rhgbilision

A particle of mass 2 kg is moving with velocity in free space. Find its velocity 3 s after a

vo =(2-3j ) mis
i

constant force F~ ~_ starts acting n it.
=(3 +4j)N
i
Solu tion.
+ Imp —
pr=p mvi =mv +F
At

i
Substituting given values, we have

Edujournal

2vi=2(2-3j)+(3i+4j) 3=13+6
, I
I X

vi=065i+3j) mis
Example

" m/s is acted upon by force
Yo =Qi -3j +k)
the force starts acting.

A particle of mass 2 kg is moving in free space with velocity

F .
=(2*J-2k) N. Find velocity vector of the particle 3 s after
i
Solution.

+lmp— +F
pr=p mvi=mv At

I o

Substituting given values, we have

2v;=2(2-37 4+k)+ Qi*J-2k) x3=10 -3/ -4k
. I
I
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Example

A box of mass m = 2 kg resting on a frictionless horizontal ground is acted
upon by a horizontal force F, which varies as shown. Find speed of the
particle when the force ceases to act.

Solution.
+mp— tr
pr=p mvi=mv * [ Fdt
i i ,
2v=2x0+1,x20x4
v=20m/s
Example

Two boxes A and B of masses m and M interconnected by an ideal rope and ideal pulleys are held at rest as
shown. When it is released, box B accelerates downwards. Find velocities of box A and B as function of time ¢t
after system has been released.

Solution.

We first explore relation between accelerations 4 and ag of the

boxes A and B, which can be written either by using constrained
relation or method of virtual work or by inspection. . .
Va =2VB (I) va lVB
Tt

Applying impulse momentum principle to box A

T
Y
zero
+ | - mv
_ Z mp .y &] A
= p1 =

pzy Mva =0+ Tt-mgt ...(ii) m + »
y mgt
y
LTt
Applying impulse momentum principle to box B zero + s T)‘(’ Ma
= +vl - mvg =0+ Mgt-2Tt .. (iii) s
p2y p1y Z mp.y D ’
gt

From equations (i), (ii) and (iii), we have

(M-2m) (M-2m)
=

Va | gt and '8 | gt

2
| M+4m ) | M+ 4m)

wrcn O MAsS
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Impulsive Motion

Sometimes a very large force acts for a very short time interval on a
particle and produces finite change in momentum. Such a force is known
as impulsive force and the resulting motion as impulsive motion. When a
batsman hits a ball by bat, the contact between the ball and the bat lasts
for a very small duration At, but the average value of the force F exerted
by the bat on the ball is very large, and the resulting impulse FAt is large
enough to change momentum of the ball.

During an impulsive motion, some other forces of magnitudes very small in comparison to that of an
impulsive force may also act. Due to negligible time interval of the impulsive motion, impulse of these
forces becomes negligible. These forces are known as non-impulsive forces. Effect of non-impulsive
forces during an impulsive motion is so small that they are neglected in analyzing impulsive motion of
infinitely small duration. Non-impulsive forces are of finite magnitude and include weight of a body, spring
force or any other force of finite magnitude. When duration of the impulsive motion is specified, care has
to be taken in neglecting any of the non-impulsive force. In analyzing motion of the ball for very small
contact duration (usually in mili-seconds), impulse of the weight of the ball has to be neglected. Unknown
reaction forces may be impulsive or non-impulsive; their impulse must therefore be included.

Example

A 100 gm ball moving horizontally with 20 m/s is struck by a bat, as a result

P
-—
&=
(b) Find the average force exerted by the bat if d ration of impact is 0.03 s.
it starts moving with a speed of 35 m/s at an angle of 37° bove the horizontal
in the same vertical plane as shown in the figure. 20 m/s
(a) Find the average force exerted by the batif  ation of impact is 0.30 s.
Solution. Edujournal

(c) Find the average force exerted by the bat if d ration of impact is 0.003 s.
(d) What do you conclude for impulse f weight of the ball as duration of contact decreases?

The impulse momentum diagram of the ball is shown in the figure below. Here F, mg, and At represent the

average value of the force exerted by the bat, weight of the ball and the time interval.
mgAt = 1.0At y p =35

pix = -2 x py = 2.1
Fat FyAt p =28
F At
Applying principle of impulse and momentxum in x- direction, we have

p =p +ZI - -2+ F At=28
fx ix mp, X
Fx =4.8N ()
At
Applying principle of impulse and momentum in y- direction, we have
p =p +yvl -~ 0.0+ F At-1.0At =21
fy iy Z mp,y
F, (2.1 ] ..(ii)
|



ey

\
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(a) Substituting At = 0.30s, in equations (i) and (ii), we find F -7
=16i+8j N
(b) Substituting At = 0.03's, in equations (i) and (ii), we find F " "N
=160i+71j
(c) Substituting At = 0.003 s, in equations 1 and 2, we find " "N
F =1600 + 701 j
i
(d) It is clear from the above results that as the duration of contact between the ball and the bat
decreases, effect of the weight of the ball also decreases as compared with that of the force of the bat
and for sufficiently short time interval, it can be neglected.

Momentum and Kinetic Energy

A moving particle possesses momentum as well as kinetic energy. If a particle of mass m is moving with
velocity v, magnitude of its momentum p and its kinetic energy K bear the following relation.

P, 1
K=—=—pv

Example

An object is moving so that its kinetic energy is 150 J and the mag itude of its momentum is 30.0 kg-m/s.
With what velocity is it traveling?

Internal and external Forces and System of interacting Particles
Solution.
K=p% =1pv - v 2x150 = 10.0 m/s

2m 2 30.0
on-A on-B Edujournal Wy

Bodies applying forces on each other are kn wn as interacting bodies. If we consider them as a system,
the forces, which they apply on each other, are kn wn as internal forces and all other forces applied on
them by bodies not included in the system are known as external forces.

Consider two blocks A and B placed on frictionless horizontal floor.
Their weights W, and W, are counterbalanced by normal =

reactions Ny and N2 on each of them from the floor. Push F
by the hand is applied on A. The forces of normal reaction W,
N and N constitute Newton'’s third law action-reaction l

pair, therefore are equal in magnitude and opposite in F 4
direction. Among these forces weights Wy and W, applied by —_— — =

[

the earth, normal reactions N1 and N> applied by the ground IN
1 N2

and the push F applied by the hand are external forces and

normal reactions Non.a and Non.5 are internal forces.

If the blocks are connected by a spring and the block A is either pushed or pulled, the forces Wi, Wa, N1y and N2
still remain external forces for the two block system and the forces, which the spring applies on each other are
the internal forces. Here force of gravitational interaction between them being negligible has been neglected.

We can conceive a general model of two interacting particles. In the particle
figure is shown a system of two particles of masses m1 and my. Particle system and
are equal in

my attracts my with a force Fi2 and m. attracts (or pulls) my with a magnitude

force F21 . These forces F12 and F»; are the internal forces of this two- and opposite

of mass & collision\Eng\Theory.p65

direc
tions

Inste



ad of attraction may repeal each other. Such a system of two
particles repealing each other is also shown.

---- e\,,_ F my

Particles attracting each other

Particles repealing each other
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F
21

In similar way we may conceive a model of a system of n interacting

m
particles having masses m4 mo,...m;....m;.....and my respectively. The U F o7
forces of interaction F; and F; between m; and m; are shown in the om e Om,
F
figure. Similar to these other particles may also interact with each other. o
These forces of mutual interaction between the particles are internal forces O m, "%

of the system. Any of the two interacting particles always apply equal and System of n interacting particles.

opposite forces on each other. Here fore simplicity

only the forces Fj and F; are shown.

Principle of Conservation of linear momentum

The principle of conservation of linear momentum or simply conservation of momentum for two or more
interacting bodies is one of guiding principles of the classical as well as the modern physics.

To understand this principle, we first discuss a system of two interacting bodies, and then extend the
ideas developed to a system consisting of many interacting bodies.

Consider a system of two particles of mass mq and m. Part cle

m attracts m with a force F andm attractsm withforce F ._ ===l
1 2 Edujournal 12 2 1 21 These @\,__
forces have equal magnitudes and opposite directions s shown ‘\@--_‘
in the figure. If the bodies are let free i.e. without a y extern | force
acting on any of them, each of them move and gain mome tum equal ‘\9

to the impulse of the force of interaction. Since equal and opposite



NODE6 E

interaction forces act on both of them for the same time interval,
the momenta gained by them are equal in magnitude and opposite
in direction resulting no change in total m mentum of the system.

However, if an external force acts on any one of them or different forces with a nonzero resultant act on
both of them, the total momentum of the bodies will certainly change. If the system undergoes an
impulsive motion, total momentum will change only under the action of external impulsive force or forces.
Internal impulsive forces also exist in pairs of equal and opposite forces and cannot change the total
momentum of the system. Non-impulsive forces if act cannot change momentum of the system by
appreciable amount. For example, gravity is a non-impulsive force, therefore in the process of collision
between two bodies near the earth the total momentum remains conserved.

The total momentum of a system of two interacting bodies remains unchanged under the action of the
forces of interaction between them. It can change only if a net impulse of external force is applied.

In similar way we may conceive a model of a system of n interacting

particles having masses m*m ,...m ...m ....and m" respectively. The .. M om
2 i j = F
forces of interaction F; and F between m; and m; are shown in the ™ E\“
i o 1 O m
“  F

figure. Since internal forces exist in pairs of equal and opposite \@ m

. . . . . J
forces, in any time interval of concern each of them have a finite Omz *

impulse but their total impulse is zero. Thus if the system is let free,
in any time interval momentum of every individual particle changes
but the total momentum of the system remains constant.

System of n interacting particles.

It can change only if external forces are applied to some or all the particles. Under the action of external forces,
the change in total momentum of the system will be equal to the net impulse of all the external forces.
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Thus, total momentum of a system of particles cannot change under the action of internal forces and if net
impulse of the external forces in a time interval is zero, the total momentum of the system in that time
interval will remain conserved.

Z pinitial: pX P e
The above statement is known as the principle of conservation of momentum. It is applicable only when

the net impulse of all the external forces acting on a system of particles becomes zero in a finite time
interval. It happens in the following conditions.

. When no external force acts on any of the particles or bodies.
. When resultant of all the external forces acting on all the particles or bodies is zero.
. In impulsive motion, where time interval is negligibly small, the direction in which no impulsive

forces act, total component of momentum in that direction remains conserved.

Since force, impulse and momentum are vectors, component of momentum of a system in a particular
direction is conserved, if net impulse of all external forces in that direction vanishes.

Example

Two blocks of masses m EdandMujareheldedragainstrcompressedalspring on a frictionless horizontal
floor with the help of a light thread. When the thread is cut, the smaller block leaves the spring with a

velocity u relative to the larger block. Find the recoil velocity of the larger block.

H’inﬁr I:| Wi 1\4

When the thread is cut, the spring pushes both the block, and impart them momentum. The forces applied
by the spring on both the block are internal forces of the two-block system. External forces acting on the
system are weights and normal reactions on the blocks from the floor. These external forces have zero
net resultant of the system. In addition to this fact no external force acts on the system in horizontal
direction, therefore, horizontal component of the total momentum of the system remains conserved.

Solu tion.

Velocities of both the objects relative to the ground (inertial frame) are shown in the adjoining figure.

e u-v
M |mmmmmm\ M

Since before the thread is cut system was at rest, its total momentum was zero. Principle of conservation
of momentum for the horizontal direction yields

n

=0
thorizontal - i -Mv +m (U -V ) =0

i=1
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Example

A shell fired vertically up, when reaches its highest point, explodes North

into three fragments A, B and C of masses ma =4 kg, ms =2 kg 3mis
and mc = 3kg. Immediately after the explosion, A is observed

A
Q
moving with velocity va = 3 m/s towards north and B with a % '84'5 s —
velocity vs = 4.5 m/s towards east as shown in the figure. Find c

the velocity vc of the piece C.

Solution.

Explosion takes negligible duration; therefore, impulse of gravity, which is a finite external force, can be
neglected. The pieces fly off acquiring above-mentioned velocities due to internal forces developed due to
expanding gases produced during the explosion. The forces applied by the expanding gases are internal
forces; hence, momentum of the system of the three pieces remains conserved during the explosion and
total momentum before and after the explosion are equal.

Assuming the east as positive x-direction and the north as positive y-direction, the momentum vectors p » and
ps Of pieces A and B become

" =12 kg-m/s and 9 kg-m/s

PA =Mava ps =mgVgi
j =
Before the explosion, momentum of the shell was zero, therefore from the pri ciple of conservation of momentum,
the total momentum of the fragments also remains zero.

conserved. Edujournal . A
pa +ps+pc =0- pc=-(9+12))
From the above equation, veloc,ity of the pi§ce CAis
pc
Ve :m_C = -G7+40)_ 5 s, 53° south of west.

Example

In free space, three identical particles moving with velocities and " collide successively with

vi, -3voj 5vok
each other to form a single particle. Find velocity vector of the particle formed.

Solu tion.

Let m be the mass of a single particle before any of the collisions. The mass of particle formed after collisions
must be 3m. In free space, no external forces act on any of the particles, their total momentum remains

Applying principle of conservation of momentum, we have

Zpinitia/:Zpﬁnal_) mVoi'3mVoj+5mVok:3mV
1 ~ ~ ~

v =3y, (-3 +5k) mis

Example

A bullet of mass 50 g moving with velocity 600 m/s hits a block of
mass 1.0 kg placed on a rough horizontal ground and comes out of 600 m/s
the block with a velocity of 400 m/s. The  coefficient of friction = Block

between the block and the ground is 0.25. Neglect loss of mass of
the block as the bullet pierces through it.

(a) In spite of the fact that friction acts as an external force, can you apply principle of conservation of
momentum during interaction of the bullet with the block?

(b) Find velocity of the block immediately after the bullet pierces through it.

(c) Find the distance the block will travel before it stops.

9
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Solution.

(a) There is no net external force in the vertical direction and in the horizontal direction, only external
force friction is non-impulsive, therefore momentum of the bullet-block system during their interaction
remains conserved.

(b) Let us denote velocities of the bullet before it hits the block and immediately after it pierces through
the block by vk and vp, velocity of the block immediately after the bullet pierces through it is vs and
masses of the bullet and the block by m and M respectively. These are shown in the adjacent figure.

v vB Vb
bo —
i i 2 L
Immediately before the bullet hits the block Immediately after the bullet pierces the block

Applying principle of conservation of momentum for horizontal component, we have

mv = + - v =mCvy -vy)
mv  Mv -
bo b B M

Substituting the given values, we have vg = 10 m/s
(c) To calculate distance traveled by the block before it stops, work k netic energy theorem has to be applied.

= WMV 2 Mg K2>=0
B

12

K
|'_M_ Ve F=uMg[ 3 M

———

‘ 3

N = Mg

During sliding of the box on the ground only the force of kinetic friction does work.
Wi =K2-Ki— - uMgx = 0 -1, Mv &
V2
X = [

2ug

Substituting given values, we have x=20m

Example

Ballistic Pendulum : A ballistic pendulum is used to measure speed of bullets. It consists of a wooden
block suspended from fixed support.

A wooden block of mass M is suspended with the help of two threads
to prevent rotation while swinging. A bullet of mass m moving

horizontally with velocity v, hits the block and becomes embedded in

the block. Receiving momentum from the bullet, the bullet-block system vo
swings to a height h. Find expression for speed of the bullet in =
terms of given quantities.

Solution.

ivanced\SMP\Phy\Unit No-3\Centre of mass & collision\Eng\Theory.p65

When the bullet hits the block, in a negligible time interval, it becomes embedded in the block and the
bullet-block system starts moving with horizontally. During this process, net force acting on the bullet-
block system in vertical direction is zero and no force acts in the horizontal direction. Therefore,
momentum of the bullet-block system remains conserved.

NODES E : \Data\2014\Kota\JEE-Adh

10



anced\SMP\Phy\Unit No-3\Centre of mass & collision\Eng\Theory.p65

NODES E : \Data\2014\Kota\JEE-Adv:

ALLEN JEE-Physics

CAREI
KOTA (RAJASTHAN)]

Before the bullet Immediately after the
hits the block bullet becomes
embedded in the block
% p
—_—

- IR pag

Let us denote momentum of the bullet-block system immediately after the bullet becomes embedded in
the block by p and apply principle of conservation of momentum to the system for horizontal component of
momentum.

p=mvo
Using equation K = p? / 2m, we can find kinetic energy Ki of the bullet-block system immediately after the
bullet becomes embedded in the block.

Ky = (mv, )?

M+m
2)

During swing, only gravity does work on the bullet-block system. Applyi g work-kinetic energy theorem
during swing of the bullet-block system, we have

Edujeurnal T

Immediately after the i\\

: K2=0

bullet becomes '
embedded in the block Ki H =
L ¥
P P A
W =K K- -(M+m)Igh=0-(mv , )? N v

1-2
2

2(M+m)

Rearranging terms, we have
v=WM+m)

——2gh

Impact between two bodies

Impact or collision is interaction of very small duration between two bodies in which the bodies apply
relatively large forces on each other.

Interaction forces during an impact are created due to either direct contact or strong repulsive force fields
or some connecting links. These forces are so large as compared to other external forces acting on either
of the bodies that the effects of later can be neglected. The duration of the interaction is short enough as
compared to the time scale of interest as to permit us only to consider the states of motion just before and
after the event and not during the impact. Duration of an impact ranges from 103 s for impacts between
elementary particles to millions of years for impacts between galaxies. The impacts we observe in our
everyday life like that between two balls last from 10~ s to few seconds.

Central and Eccentric Impact

The common normal at the point of contact between the bodies is known as line of impact. If mass centers of the both
the colliding bodies are located on the line of impact, the impact is called central impact and if mass centers of both or
any one of the colliding bodies are not on the line of impact, the impact is called eccentric impact.

414
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-
:
Common Common Normal Common : Common Normal
Tangent ~ { - or Tangent ‘ or
' Line of Impact i Line of Impact
Cen t'ra | Im pact Eccen til'ic Im pa ct

Central impact does not produce any rotation in either of the bodies whereas eccentric impact causes the
body whose mass center is not on the line of impact to rotate. Therefore, at present we will discuss only
central impact and postpone analysis of eccentric impact to cover after studying rotation motion.

Head —on (Direct) and Oblique Central Impact

If velocities vectors of the colliding bodies are directed along the line of impact, the impact is called a
direct or head-on impact; and if velocity vectors of both or of any one of the bodies are not along the line
of impact, the impact is called an oblique impact.

A A

materials forming th is.Edujournal ! ua

Cen ttla I Im pact

(0] blidl| u e Im pact

In this chapter, we discuss only central impact, the efore the term central we usually not use and to these
impacts, we call simply head-on and oblique impacts. Furthermore, use of the line of impact and the
common tangent is so frequent in analysis of these impacts that we call them simply t-axis and n-axis.

Head-on (Direct) Central Impact

To understand what happens in  head-on impact let us consider two balls A and B of masses ma and mg

moving with velocities ua and g in the same direction as shown. Velocity ua is larger than ug so the ball A hits
the ball B. During impact, both the bodies push each other and first they get deformed till the deformation
reaches a maximum value and then they tries to regain their original shape due to elastic behaviors of the

A B u A B A B
u B u u VA 17}
6 >< B - i
Deformation Restitution
Period Period '

Instant when Instant of maximum Instant when
impact starts deformation impact ends

The time interval when deformation takes place is called the deformation period and the time interval in
which the ball try to regain their original shapes is called the restitution period. Due to push applied by the
balls on each other during period of deformation speed of the ball A decreases and that of the ball B
increases and at the end of the deformation period, when the deformation is maximum both the ball move
with the same velocity say it is u. Thereafter, the balls will either move together with this velocity or follow
the period of restitution. During the period of restitution due to push applied by the balls on each other,
speed of the ball A decrease further and that of ball B increase further till they separate from each other.

Let us denote velocities of the balls A and B after the impact by va and vg respectively.

12
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Equation of Impulse and Momentum during impact
Impulse momentum principle describes motion of ball A during deformation period.
Dadt

mu mau
A A I
mAuA—fDdt:mAu

Impulse momentum principle describes motion of ball B during deformation period.
mgup mpu

f Dadt

@" 7 C _ S msug + [ Ddt=msg

u
Impulse momentum principle describes motion of ball A during restitution period.

mu myv
fRdt mAu-fRdt:mAv
e-: 0 -0
A
Impulse momentum principle describes motion of ball B during restitution period.

mgve
fRdt mBu+fRdt:va

@_' E’Hujw_rnQ =®_' 5

Conservation of Momentum during impact

From equations, (i) and (i) we have m *mu =Cmas+melu (V)
AA B B

(i)

(i)

(iv)

From equations, (iii) and (iv) we have (mas+medu=mava +mpvg.-(vi

From equations, (v) and (vi) we obtain the f Il wing equation.

Mava+mpgVvg =maua +mpgug --(Vii)

The above equation elucidates the principle of conservation of momentum.

Coefficient of Restitution

Usually the force D applied by the bodies A and B on each other during period differs from the force R applied
by the bodies on each other during period of restitution. Therefore, it is not necessary that magnitude of

impulse f Ddt of deformation equals to the magnitude of impulse f Rdt restitution.

The ratio of magnitudes of impulse of restitution to that of deformation is called the coefficient of restitution

and is denoted by e.

e= f ....(viii)
Rdt
Ddt
Now from equations (i), (ii), (iii) and (iv), we have
vV -V
e—= 8B A
Ua - Us ...(ix)

Coefficient of restitution depend on various factors as elastic properties of materials forming the bodies,
velocities of the contact points before impact, state of rotation of the bodies and temperature of the



mo O T

ies. In general, its value ranges from zero to one but in collision where kinetic energy is generated its
value may exceed one.

Depending on values of coefficient of restitution, two particular cases are of special interest.
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Perfectly Plastic or Inelastic Impact For these impacts e = 0, and bodies undergoing impact stick to
each other after the impact.

Perfectly Elastic Impact For these impacts e = 1.

Strategy to solve problems of head-on impact
Write momentum conservation equation
mava+mpve =mala +Mpls .(A)
Write rearranging terms of equation of coefficient of restitution
Ve -Va :e(uA—uB) ...(B)
Use the above equations A and B.
Example

A ball of mass 2 kg moving with speed 5 m/s collides directly with another of mass 3 kg moving in the
same direction with speed 4 m/s. The coefficient of restitution is 2/3. Find the velocities after collision.

Solution.
Denoting the first ball by A and the second ball by B velocities immediately before and after the impact are

shown in the figure.
ua = ug=4 va 7
) ——

Immediately before Immediately after
impact starts imp ct ends

Applying principle of conservation of momentum, we have

MmpeVve +mava =mala +mMeep—>3Vve +2vas =2X5+3X4

3vg +2va =22 (i)
Applying equation of coefficient of restitution, we have
Ve -Va :e(uA-uB)—> Vg -Va :2(5-4)
3
3vg-3va =2 ..(ii)

From equation (i) and (i), we have v4 =4 m/sand vg =4.67 m/s Ans.
Example Edujedrnal

A block of mass 5 kg moves from left to right with a velocity of 2 m/s and collides with another block of
mass 3 kg moving along the same line in the opposite direction with velocity 4 m/s.

(a) If the collision is perfectly elastic, determine velocities of both the blocks after their collision.
(b)  If coefficient of restitution is 0.6, determine velocities of both the blocks after their collision.
Solution.

Denoting the first block by A and the second block by B velocities immediately before and after the impact
are shown in the figure.

up=2_A B va _A B
u=4
- -—— —_— —
Immediately before Immediately after
impact starts impact ends

Applying principle of conservation of momentum, we have

mByB + AyA= AyA+ uB— 3yBi5 A =5x2+3Xx(-4)
m m m v

3ve +5va = -2 (i)

14
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Applying equation of coefficient of restitution, we have

Ve -

(@)

Example
Two i

va=e(ua-ug)— Ve -va =e(2-(-4)]

VB -Va = 6e ...(ii)

For perfectly elastic impact e = 1. Using this value in equation (ii), we have
VB —Va =6 ...(iia)
Now from equation (i) and (iia), we obtain
va =—25m/sand vg =3.5m/s
For value e = 0.6, equation 2 is modified as
ve —va =3.6 (iib)
Now from equation (i) and (iib), we obtain
va =—1.6m/sand vg =2.0 m/s

Block A reverse back with speed 1.6 m/s and B also move in opposite direction to its original
direction with speed 2.0 m/s.

dentical balls A and B moving with  velocities ua and ug  the same direction collide. Coefficient of

restitution is e.

(@)
(b)

Solu tion.

Deduce expression for velocities of the balls after the co ision.
If collision is perfectly elastic, what do you observe?

Equation expressing momentum conservation is

Va+Vp=uUa+ -(A)
us

Equation of coefficient of restitution is

(@)

(b)

VB -Va =€UAa -€eUuB (B)

From the above two equations, velocities va and vg are
(1-¢e) (1+¢e)

vA le_L A | TlUB (I)
| ) | )
Edujournal
(1 +e | 1 -e 1
s = | | Ya | Y5 (||)
L2 2 )
For perfectly elastic impact e = 1, velocities va and vg are
VA = UB ...(iii)
VB = Ua -(iv)

Identical bodies exchange their velocities after perfectly elastic impact.

Conservati
For p

on of kinetic energy in perfectly elastic impact

erfectly elastic impact equation for conservation of momentum and coefficient of restitution are
Mmava+mpVve =Mala +Mmpug ..(A)
VB -Va =Upa -Us ...(B)

Rearranging the terms of the above equations, we have

mA(vA -uA):mB(uB -VB)

ua +va =vp +UB
418
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Multiplying LHS of both the equations and RHS of both the equations, we have
mA(vAZ -u2A) ZmB(U52 -VBZ)
Multiplying by Y2and rearranging term of the above equation, we have

2 2

1 2 1 2 _1 1
oMmalUpa +2mpUB ="2MaVvVaA +2mpVvs

In perfectly elastic impact total kinetic energy of the colliding body before and after the impact are equal.
In inelastic impacts, there is always loss of kinetic energy.

Oblique Central Impact

In oblique central impact, velocity vectors of both or of any one of the bodies are not along the line of impact
and mass center of bodies are on the line of impact. Due to impact speeds and direction of motion of both the

balls change. In the given figure is shown two balls A and B of masses ma and mg moving with velocities ua
and ug collide obliquely. After the collision let they move with velocities v4 and vg as shown in the nest figure.

4
VB
AB

Immediately before Impact Immediately after Impact

To analyze the impact, we show components of velocities before and after the impact along the
common tangent and the line of impact. These components a e shown in the following figure.

:

Immediately b:afore Impact Immediately before Impact
Component along the t-axis If surfaces of the bodies undergoing impact are smooth, they cannot

apply any force on each other along the f-axis and component of
momentum along the t-axis of each bodies, considered separately, is
conserved. Hence, t-component of velocities of each of the bodies
remains unchanged.
vAt =ua and var = Upt (A)

Component along the n-axis For components of velocities along the n-axis, the impact can be treated
same as head-on central impact.
The component along the n-axis of the total momentum of the two
bodies is conserved

mv smv =mu +mu -(B)
B Bn A An B Bn A An

inced\SMP\Phy\Unit No-3\Centre of mass & collision\Eng\Theory.p65

Concept of coefficient of restitution e is applicable only for the
n-component velocities.
v v =e(a -us) -(C)
Bn An

The above four independent equation can be used to analyze oblique
central impact of two freely moving bodies.
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Example
A disk sliding with velocity u on a smooth horizontal plane strikes e v
another identical disk kept at rest as shown in the figure. If the
impact between the disks is perfectly elastic impact, find velocities B

of the disks after the impact.
Solution.

(a)  We first show velocity components along the t and the n-axis immediately before and after the
impact. angle that the line of impact makes with velocity u is 30°.

~

Immediately.t;efore Impact Immediat'ely after Impact“ .

Component along t-axis Components of momentum along the t-axis of each disk, considered

separately, is conserved. He ce, t-component of velocities of each of
the bodies remains uncha ged.

Edujournal = ug =
Ya =Y —uw and Vm 0 (i)
2
Component along n-axis The compo e t long the n-axis of the total momentum of the two
bodies is co se ved
mBVBn + AVAn = BuBn+ AuA”—>mv Bn+mVAn u
m m m =mx0+m J_
us (i)

Ven +Van :\/_
2

Concept of coefficient of restitution e is applicable only for the
n-component velocities.

VBn_VAn:e( An - )—) yBr_y A = 3 (III)
u
Bn J_
2
From equations (ii) and (iii), we have v =0 and = u»fg o (iv)
An vy Bn
2

From equations (i) and (iv) we can write velocities of both the disks.

A ball collides with a frictionless wall with velocity u as shown in the figure.
Coefficient of restitution for the impact is e. Normal ="

(a) Find expression for the velocity of the ball immediately after the impact.
(b) If impact is perfectly elastic what do you observe?
Solution.

(a) Let us consider the ball as the body A and the wall as the body B. Since the wall has infinitely large
inertia (mass) as compared to the ball, the state of motion of the wall, remains unaltered during the
impact i.e. the wall remain stationary.

Now we show velocities of the ball and its t and n-components immediately before and after the
impact. For the purpose we have assumed velocity of the ball after the impact v.

4
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Immediately before Impact

Component along t-axis

Component along n-axis

Edujournal

(b)
0

If the impact is perfectly elastic, we have v; =

Immediately after Impact

Components of momentum along the t-axis of the ball is
conserved. Hence, t-component of velocities of each of the
bodies remains unchanged.

Vi=Uu¢=using ..

(i)
Concept of coefficient of restitution e is applicable only for
the n-component velocities.
VBn'VAn:e(UAn'UBn)—> -Vn = €Un

Vn = -eucosf

...(ii)

From equations (i) and (ii), the t and n-components of velocity
of the b Il fter the impact are
vi=usin fand v, = eusin @

usinf,v, =usin and 6'= 0

The ball will rebound with the same speed making the same angle with the vertical at which it has

collided. In other words, a perfectly elastic collision of a ball with a wall follows the same laws as light

follows in reflection at plane mirror.

Oblique Central Impact when one or both the colliding bodies

are constrained in motion

In oblique collision, we have discussed how to analyze impact of bodies that were free to move before as
well as after the impact. Now we will see what happens if one or both the bodies undergoing oblique

impact are constrained in motion.

Component along the t-axis

If surfaces of the bodies undergoing impact are smooth, the f-

component of the momentum of the body that is free to move
before and after the impact remain conserved.

If both the bodies are constrained, the t-component of neither one
remains conserved.

Momentum Conservation

We may find a direction in which no external force acts on both the

bodies. The component of total momentum of both the bodies
along this direction remains conserved.

Coefficient of restitution

Concept of coefficient of restitution e is applicable only for the n-

component velocities.

VBn -Van :e(UAn 'UBn)

18
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Example
A 250 g ball moving horizontally with velocity 10.0 m/s strikes 10 m/s

inclined surface of a 720 g smooth wedge as shown in the

figure. The wedge is placed at rest on a frictionless 370
horizontal ground. If the coefficient of restitution is 0.8,
calculate the velocity of the wedge after the impact.

Solution.

Let us consider the ball as the body A and the wedge as the body B. After the impact, the ball bounces
with velocity va and the wedge advances in horizontal direction with velocity vs. These velocities and their
t and n-components are immediately before and after the impact are shown in the following figures.

Edujournal vATn
Immediately before Impact Immediately after Impact
Component along t-axis The ball is f ee to move before and after the impact, therefore its

t-component of momentum conserved. Hence, t-component of velocities
of the ball remains unchanged.

Va =uUx =10cos37° = m/s (i)
8
Momentum Conservation In the horizontal direction, there is no external force on both the bodies.

Therefore horizontal component of total momentum of both the bodies
remain conserved.

m 4 :mA(vAtcos(37° -vA,,00353°)+vaB
A

[ 4 3ym)
0.25 x10 = 0.25 |8 x e 0.72v ... (i)
Ll 5 5 ’
Coefficient of restitution Concept of coefficient of restitution e is applicable only for the
n-component velocities.
v v =elum-usm ) 3vg-v =0.8(6 -0) ...(iii)
Bn An - An
5

From equations (i), (ii) and (i), we obtain vz =2.0 m/s

10
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SYSTEM OF PARTICLES

Study of kinematics enables us to explore nature of translation motion without any consideration to forces and energy
responsible for the motion. Study of kinetics enables us to explore effects of forces and energy on motion. It includes
Newton’s laws of motion, methods of work and energy and methods of impulse and momentum. The methods of work
and energy and methods of impulse and momentum are developed using equation

F = ma together with the methods of kinematics. The advantage of these methods lie in the fact that they
make determination of acceleration unnecessary. Methods of work and energy directly relate force, mass,
velocity and displacement and enable us to explore motion between two points of space i.e. in a space interval
whereas methods of impulse and momentum enable us to explore motion in a time interval. Moreover methods
of impulse and momentum provides only way to analyze impulsive motion.

The work energy theorem and impulse momentum principle are developed from Newton’s second law,
and we have seen how to apply them to analyze motion of single particle i.e. translation motion of rigid
body. Now we will further inquire into possibilities of applying these principles to a system of large number
of particles or rigid bodies in translation motion.

System of Particles

By the term system of particles, we mean a well defined collect on of several or large number of particles,

which may or may not interact or be connected to each other

As a schematic representation, consider a system of n partic es of m m
masses m , m ,..m..m...andm_respectively. They mybe ctual . f o
particles of rigid bodies in translation motion. Some  of them may * f\k ms
interact with each other and some of them may not. The particles, @) " O
which interact with each other, apply forces on each other. The m;

my
forces of interaction f; and f; between pair /" and /" particles SystéM of n interacting paticles.

are shown in the figure. Similar to these ther particles may also
interact with each other. These forces of mutual interaction between
the particles of the systemEdujournalareinternalforcesofthesystem.

These internal forces always exist in pairs of forces of equal magnitudes and opposite directions. It is not
necessary that all the particles interact with each other; some of them, which do not interact with each
other, do not apply mutual forces on each other. Other than internal forces, external forces may also act
on all or some of the particles. Here by the term external force we mean a force that is applied on any one
of the particle included in the system by some other body out-side the system.

In practice we usually deal with extended bodies, which may be deformable or rigid. An extended body is
also a system of infinitely large number of particles having infinitely small separations between them.
When a body undergoes deformation, separations between its particles and their relative locations
change. A rigid body is an extended body in which separations and relative locations of all of its particles
remain unchanged under all circumstances.

System of Particles and Mass Center

Until now we have deal with translation motion of rigid bodies, where a rigid body can be treated as a particle.
When a rigid body undergoes rotation, all of its particles do not move in identical fashion, still we must treat it a
system of particles in which all the particles are rigidly connected to each other. On the other hand we may
have particles or bodies not connected rigidly to each other but may be interacting with each other through
internal forces. Despite the complex motion of which a system of particles is capable, there is a single point,
known as center of mass or mass center (CM), whose translation motion is characteristic of the system.

The existence of this special point can be demonstrated in the following examples dealing with a rigid body.
Consider two disks A and B of unequal masses connected by a very light rigid rod. Place it on a very smooth

20
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table. Now pull it horizontally applying a force at different points. You will find a point nearer to the heavier
disk, on which if the force is applied the whole assembly undergoes translation motion. Furthermore you
cannot find any other point having this property. This point is the mass center of this system. We can
assume that all the mass were concentrated at this point. In every rigid body we can find such a point. If
you apply the force on any other point, the system moves forward and rotates but the mass center always
translates in the direction of the force.

th e m ass cen ter on the m as s cen ter on the m as s cen ter
in

In another experiment, if two forces of equal magnitudes are appl ed on the disks in opposite directions, the
system will rotate, but the mass center C remains stationary as shown  the following figure.

point. And if the experimentEdujournisrepeatedwithuniformatrod,the mass center again is the mid point.

Body rotates b t the m&

underactionofeq alandoppos ite forces .

If the above experiment is repeated with both disks A and B of identical masses, the mass center will be the mid

B od y rota tes an d the m as s cen ter tra ns la tes u n d er action
of u nb a la nced forces a pplied at d ifferen t poin ts .

As another example let us throw a uniform rod in air holding it from one of its ends so that it rotates also.
Snapshots taken after regular intervals of time are shown in the figure. The rod rotates through 360°. As the rod
moves all of its particles move in a complex manner except the mass center C, which follows a parabolic
trajectory as if it were a particle of mass equal to that of the rod and force of gravity were acting on it.
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Thus mass center of a rigid body or system of particles is a point, whose translation motion under action
of unbalanced forces is same as that of a particle of mass equal to that of the body or system under action
the same unbalanced forces. And if different forces having a net resultant are applied at different particles,
the system rotates but the mass center translates as if it were a particle of the mass same as that of the
system and the net resultant were applied on it.

Concept of mass center provides us a way to look into motion of the system as a whole as superposition
of translation of the mass center and motion of all the particles re ative to the mass center. In case of rigid
bodies all of its particles relative to the mass center can move only on circular paths because they cannot
changes their separations.

The concept of mass center is used to represent g oss t a slation of the system. Therefore total linear momentum of
the whole system must be equal to the linear momentum of the system due to translation of its mass center.

Center of Mass of System of Discrete Particles

A system of several particles or several b dies having finite separations v 4 v
!

between them is known as system of discrete particles. Let at an instant m;

. "4
particles of such a system my, mo, ...mj, ...... and my c

are moving with velocities vy ,
C
H I

V1 S V2, s Vieerne. and v atlocationsryi,r, ...... ri preveee and In respectg/ely. For the ° »
sake of simplicity only /" particle and the mass center C are shown in the figure. 7 X

Edujournal
The mass center C located at r: is moving with velocity v at this instant.

As the mass center represents gross translation motion of the whole system, the total linear i.e. sum of linear
momenta of all the particles must be equal to linear momentum of the whole mass due to translation of the mass

center.
We can write the following equation in terms of masses and position vectors as an analogue to the above

MiVI+MaV2 + e, FMiVi+ i, +MpVvy =My,
equation. This equation on differentiating with respect to time yields the above equation therefore can be

mass &

thought as solution of the above equation.
mirn+mar + FMili + e, +Mmpry, = Mre

If M = Em; denotes total mass of the system, the above two equations can be written in short as

mohdvanced\SMP\Phy\Unit  No-3\Centre  of

Smr = Mr (2)
Imivi = Mve (1)

[ c
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The above equation suggests location of mass center of a system of discreet particles.

TMAnAMaro F e, FME F oo, +Marn —IMin
fe M M 3)

Cartesian coordinate (x, ye, Z¢) of the mass center are components of the position vector r.  of the mass center.

Example

Xe “EMiXi;Ye EMiyi Zc Mz (4)
M M M

Center of Mass of Two Particle System

(@)

(b)
(c)

(d)

Solution.

(@)

Find expression of position vector of mass center of a system of two particles of masses m1 and m>
located at position vectors riand r» .

Express Cartesian coordinates of mass center, if particle m1 at point (x4, y1) and particle mz at point (x2, y»).

If you assume origin of your coordinate system at the mass center, what you conclude regarding
location of the mass center relative to particles.

Now find location of mass center of a system of two particles masses m1 and my separated by distance r.
Edujoeurnal

Consider two particles of masses m1 and m; located t position vectors r1 and rz . Let their mass center

C at position vector .

From eq. , we have

Zmiti min+mon

,

c M mq+mp
From result obtained in part (a), we have

X "mix1+maxs J Tmiyi+mayo
c c

and

mi+ms miq+ moe

If we assume origin at the mass center vector  vanishes and we have

re

Since either of the masses my and m> cannot be negative, to satisfy the

above equation, vectors r; and r. must have opposite signs. It is c X
geometrically possible only when mass center C lies between the r
two particles on the line joining them as shown in the figure. O m,

If we substitute magnitudes ry and r2 of vectors r1 and rz in the
above equation, we have msrs = mars, which suggest

Now we conclude that mass center of two particle system lies between the two particles on the line
joining them and divide the distance between them in inverse ratio of masses of the particles.

272




JEE-Physics

(d)  Consider two particles masses mq and m. at distance r from each other. There mass center C must lie in
between them on the line joining them. Let distances of these particles from the mass center are r1 and r».

Since mass center of two particle system lies between the two particles on the line joining them and divide
the distance between them in inverse ratio of masses of the particles, we can write

n— mr r = myr
2 and 2

mi1+mm mi+m;

Example
Mass centre of several particles

Find position vectors of mass center of a system of three particle of masses 1 kg, 2 kg and 3 kg located at
position vectors t " D T .

Solution.
From eq. , we have

min o s

14 +2] -3k)+2 G -4j +2k)+3 Qi- 2j+k) - 2
Mo o 1+2+3 o R

Edujournal
Mass of an Extended Body or Co ti uous Distribution of Mass
An extended body is collection of infinitely large number of particles so closely located that we neglect separation
between them and assume the body as contin o s distribution of mass. A rigid body is an extended body in
which relative locations of all the particles remain nchanged under all circumstances. Therefore a rigid body
does not get deformed under any circumstances.
Let an extended body is shown as continuous distribution of mass by the shaded object in the figure. Consider

Center of

an infinitely small portion of mass dm of this body. It is called a mass element and is shown at position given by

position vector r. Total mass M of the body is M = f dm . The mass center C is assumed at position
given by position vector r; . Position vector of centre of mass of such a body is given by the following

equation.
y A
24
O dm
r o
@
e
z X
, = frdm (5)
¢ M
Cartesian coordinate (xc, Yc, zc) of the mass center are components of the position vector of
rc center. th
= R R e
X = vy o= 'z =
m
a
| I J
ss
xdm ydm zdm




(6)
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Line of symmetry

Line of symmetry

Example

Mass centre of uniform symmetrical bodies.

Show that mass center of uniform and symmetric mass distributions lies on axis of symmetry.
Solution.

For simplicity first consider a system of two identical particles and then extend the idea obtained to a
straight uniform rod, uniform symmetric plates and uniform symmetric solid objgcts.

Mass Center of a system of two identical particles - F °
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r2
Mass center of a system of two identical particles lies at the

midpoint between them on the lie joining them.

r2

Mass Center of a system of a straight uniform rod i I &

Consider two identical particles A and B at equal distances

dm

from the center C of the rod. Mass center of system these two particles is at C. The whole rod can be
assumed to be made of large number of such systems each having its mass ce ter at the mid point C of

the rod. Therefore mass center of the whole rod must be at its mid point

Mass Center of a system of a uniform symmetric curved rod

it i i O il

center of the whole rod must be on the axis f symmetry.
A B
Consider two identical particles A and B located at equ | dist nces from the c
line of symmetry. Mass center of system these two particles is at C. The
whole rod can be assumed to be made of large mber of such systems each Line of symmetry

having its mass center at the mid point C of the joining them. Therefore mass
Edujournal

Mass Center of a uniform plate (lamina)

Consider a symmetric uniform plate. It can be assumed composed of
several thin uniform parallel rods like rod AB shown in the figure. All of
these rods have mass center on the line of symmetry, therefore the whole
lamina has its mass center on the line of symmetry.

Mass Center of a uniform symmetric solid object

A uniform symmetric solid object occupies a volume that is made by rotating
a symmetric area about its line of symmetry though 180°. Consider a uniform
symmetric solid object shown in the figure. It can be assumed composed of

kY

several thin uniform parallel disks shown in the figure. All of these disks have
mass center on the line of symmetry, therefore the whole solid object has its
mass center on the line of symmetry.

Mass Center of uniform bodies

]
]
1
1
i
]
i
]
]
]
]
]
]
—t-
H

e
\_R___—'——___‘_,_/

I

Following the similar reasoning, it can be shown that mass center of uniform bodies lies on their

geometric centers.
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Example

Solu tion.

Example
Mass Center of a system of a segment of a uniform circular rod (arc)
Find location of mass center of a thin uniform rod bent into shape of an arc.

Solution.
Consider a thin rod of uniform line mass density A (mass per unit r o

length) and radius r subtending angle 26 on its center O. >
20

The angle bisector OP is the line of symmetry, and mass center lies
on it. Therefore if we assume the angle bisector as one of the

coordinate axes say x-axis, y-coordinate of mass center
becomes zero.

Let two very small segments A and B located symmetric to the line of symmetry (x-axis). Mass center of
these two segments is on P at a distance x e r cosv from center O. Total mass of these two elements is
dm = 24-rd v . Now using eq. , we have

 (reos a)2Arda

OC =rs
f xdm I, rsin 0 0
T M h T Aro B 2]
Mass center of a thin uniformEduarcshapedjourrodofradiusnalrsubtending angle 26 at the center lies on Find
its angle bisector at distance OC from the center. coor
dinat

es of



mass center of a quarter ring of radius r placed in the first quadrant of a Cartesian coordinate system, with

centre at origin.

Making use of the result obtained in the previous example, distance
Sin(f[/4): 2 2r

OC of the mass center form the centeris OC =

xl4 1
4
(2r ZrW
Coordinates of the mass center (x, yc) are | ,—
| 7 )
JT
Example
Find coordinates of mass center of a semicircular ring of radius r placed symmetric to the y-axis of a
Cartesian coordinate system.
Solution.
The y-axis is the line of symmetry, therefore mass center of the ring
y
lies on it making x-coordinate zero.
Distance OC of mass center from center is given by the result 57 ¢
obtained in example 4. Making use of this result, we have y"c
OC=rsin6— y, =rsin(x/2) =2r of X
0 72 Ea

26
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Example
Mass Center of a sector of a uniform circular plate
Find location of mass center of a sector of a thin uniform plate.
Solu tion.

Consider a sector of a thin uniform plate of surface mass density mass density o (mass per unit area)
and radius r subtending angle 26 on its center.

Xy
(0]

Let a thin arc of radius r and width dr be an infinitely small part of the sector. Mass dm of the arc AB
equals to product of mass per unit area and area of the arc.

dm=o0Qrodr) =20r
odr
Due to symmetry mass center of this arc m st be on the angle bisector i.e. on x-axis at distance x =rsin 6 .

0
Using above two information in eq. , we btain the mass center of the sector.
Rl sin @) rlrsin @)
J’xdm N |Co 0dr) [ | —— @orad
X - X = Il @ ) _o 0 ) — 2rsing
c -  —_— =
_ o (Area of thre sector) ore 30
M ¢
Example Edujournal

Find coordinates of mass center of a quarter sector of a uniform disk of radius r placed in the first
quadrant of a Cartesian coordinate system with centre at origin.

Solu tion.

Making use of the result obtained in the previous example,
distance OC of the mass center form the center is y

oc= 2rsin(xl = 4o o[ oA
4) A |
34 37 O .
(4r  4r) o} X x
Coordinates of the mass center (x., yc) are |— —J
(37
3

Example

Find coordinates of mass center of a uniform semicircular plate of radius r placed symmetric to the y-axis
of a Cartesian coordinate system, with centre at origin.
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Solution.

The y-axis is the line of symmetry, therefore mass center of the
plate lies on it making x-coordinate zero.

Distance OC of mass center from center is given by the result
obtained in example 7. Making use of this result, we have

OC=2rsin6— y, =2rsin(x/2) =4r
36 3712 37

Example

¥

Find coordinates of mass center of a non-uniform rod of length L whose linear mass density A varies as

A=a+bx, where x is the distance from the lighter end.
Solution.

Assume the rod lies along the x-axis with its lighter end on the
origin to make mass distribution equation consistent with coordinate

»

y
dm = Adx

(0]

(2aL+3b)

L

system.

L L

[ xdm Iy x Adx Jo xCax+b) dx
Making use of eq. , we have xc - e T ST
Edujournal -
(ax+b)
M Ad.
‘[0 X fo dx

Example

Mass Center of composite bodies

3Cal +2b
)

A composite body is made of joining two or more bodies. Find mass center of the following composite body
made by joining a uniform disk of radius and a niform square plate of the same mass per unit area.

Solution.
To find mass center the component bodies are assumed particle of
masses equal to correspon ing bo ies located on their respective

mass centers. Then we use equation to find coordinates of the
mass center of the composite body.

To find mass center of the composite body, we first have to calculate masses of the bodies, because their

mass distribution is given.

If we denote surface mass density (mass per unit area) by o, masses of the bodies are

Mass of the disk
area

Mass of the square plate
area

Location of mass center of the disk
d

Location of mass center of the square plate
0

Using eq. , we obtain coordinates (xc, y.) of the composite body.

xe mix*t xS =r(x+3) y =mix*
= m and “ . m
mqg + ms (z+1 mqg + ms

(r G+3 )

m?¢ = Mass per unit

m’ = Mass per unit

x Area =g (xr?) = omr

2

X Area

:()'([‘2)

2
or

x = Centerofthedisk =r and y, =0

X p = Center of the surface plate = 3rand yq4 =

Coorc
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Example

Mass Center of truncated bodies y 4

A truncated body is made by removing a portion of a body. Find
mass center of the following truncated disk made by removing
(7

disk of radius equal to half of the original disk as shown in the
figure. Radius of the original uniform disk is r.

»
>
X

Solution.

To find mass center of truncated bodies we can make use of superposition principle that is, if we add the
removed portion in the same place we obtain the original body. The idea is illustrated in the following figure.

L 4 I

y

a e A
il | 4

=

The removed portion is added to the truncated body keeping the r location unchanged relative to the
coordinate frame.

Edujeurnal

Denoting masses of the truncated body, removed portion and original body by ms, m;p and me, and location

of their mass centers by x , x and x , we can write M M o= Mos™on

tb ob
From the above equation we obtain position co-ordi ate xi» of the mass center of the truncated body.

xw M X -m X
- ob ob rb

m (1)

th

Denoting mass per unit area by o, we can express the masses mw, myp and Mep.

[ (2 3omr?
réll
Mass of truncated body My =olad - —J h=
[ | | 4
Mass of the removed portion m ~omr?
m 4
Mass of the original body m® = onr
2
Mass center of the truncated body X
tb
Mass center of the removed portion X ~r
m 5
Mass center of the original body X ;
ob
Substituting the above values in equation (1), we obtain the mass the center of the truncated body.
om?2)  (our?) (r)
r
- moonb_mrerp — 0 U ‘J‘L—ZJ —_ r
® 3onr -
M 6
4

Mass center of the truncated body is at point |
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Center of Mass Frame of Reference or Centroidal Frame

Center of mass frame of reference or centroidal frame is reference frame assume attached with the
mass center of the system at its origin. It moves together with the mass center.

It is a special frame and presents simple interpretations and solutions to several phenomena. Let us
first discuss some of its fundamental properties.

In centroidal frame center of mass is assumed at the origin, therefore position vector, velocity
and acceleration of the mass center in centroidal frame all become zero.

. Sum of mass moments in centroidal frame vanishes.

Mass moment of a particle is product of mass of the particle and its position vector.

Smr =0o0or mr +mr + ... +MIr + o, +mr =0 (7)

iilc 11/¢c 2 2/c iilc nnlc
«  Total linear momentum of the system in centroidal frame vanishes..

= :0
ymyv 0 OF MiVic+MoVaic + reereennnns TMiViic F e +MnpVnic (8)

i ilc
Example Edujournal
jeep jeep

Motion of Mass Center in One Dimension
A jeep of mass 2400 kg is moving along straight stretch of ro d at 80 km/h. It is followed by a car of mass

1600 kg moving at 60 km/h.
(a) How fast is the center of mass of the two ca s movi g?

(b) Find velocities of both the vehicles in centroidal frame.

Solution.
. V = Jeep v Jjeep +m car v car
(a) Velocity of the mass center . m  +m
Jjeep car
Assuming direction of motion in the positive x-direction, we have
ve Mo v M oY car 2400 x 80 + 1600 x 60
- m - Ve = _— = 72 km/h
jeep 4 M 2400 + 1600
(b) Velocity of the jeep in centroidal frame v =80 -72 = 8 km/h in positive x-direction.
Jjeeplc
Velocity of the car in centroidal frame v =60-72 = -12 km/h
carl/c
12 km/h negative x-direction direction.
Example

Motion of Mass Center in Vector Form

A 2.0 kg particle has a velocity of
vy = Qoi - 3.0j) m/s, and a 3.0 kg particle has a velocity

V2 = (1.0 +6.0j) mis.
i
(a)How fast is the center of mass of the particle system moving?

(b) Find velocities of both the particles in centroidal frame.

30
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(a) Velocity of the mass center = miviemay?
Ve mq+ mz
my 't ! ) ) ) )
m
v = o — — 2(20i-30/)+30(10/ +60))
c mi+m — Ve = 2+3 =(14i +24)mss

(b) Velocity of the first particle in centroidal frame

V. 7 -Veo
e va Vie=(20i-30j)-QU4i+24j) = G+j)mss
0.6
Velocity of the second particle in centroidal frame
V. =V -ve— ) . . ) . )
2lc

L v =(1.0i+60j)-(14i+24j)=-(04 +36j)
2/¢c .
] S

Application of Newton’s Laws of Motion to a System of Particles

2N Y A
mj m
Resultant of all these externall_-gu'ou sisshownt3@ectorF.|funder tﬁé/'
maj
f
o] X 9 X

S :

In order to write equation of motion for a system of particles, we begin by applying Newton’s second law
to an individual particle.

Consider " particle of mass m. Internal force applied on it by " particle is shown by f; . Other particles of the

system may also apply internal forces on it. One of them is shown in the figure by an unlabeled vector. In

addition to these internal forces, external forces may also be applied on it by bodies out side the system.
i

acceleration g; relative to an inertial frame Oxyz, its free body diagram and kinetic diagram can be represented

by the following figure and Newton’s second law can be written by the following equation.

F +vf =m a
i Z i i
In similar fashion, we can write Newton’s second law for all the particles of the system. These equations are
For 1% particle +of
Z 1)
F1 =m1a

For 2™ particle

For n'" particle +f
2
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Every internal force f; on particle m; due to particle m; and f; on the particle m; due to particle m; constituting
Newton’s third law pair must be equal in magnitude and opposite in direction, therefore the sum all these
internal forces for all the particles must be zero. Keeping this fact in mind and denoting the mass of the whole

system by M and acceleration of the mass center Cby  ac relative to the inertial frame, Newton’s second law
representing translation motion of the system of particles particle can be represented by the following equation.

ZF

f:Z(m,-a,-):Mac (9)
dpc
sFo= =g (10)
Mac

Example

Newton’ Laws of Motion and System of Particles

A ladder of mass 20 kg is hanging from ceiling as shown in figure. Three men A,
B and C of masses 40 kg, 60 kg, and 50 kg are climbing the ladder. Man A is

climbing with upward retardation 2 m/s?, B is climbing up with a constant speed
of 0.5 m/s and C is climbing with upward acceleration of 1 m/s2. Find the tension
in the string supporting the ladder. B

ladder and tension supporting the ladder. Denoting masses of men A, B, C and
ladder by ma, ms, m¢ and my, acceleration due to gravity by g , tension in the
string by T and accelerations of the men A, B, C and ladder by aa, ag, ac and a.
respectively, we can write the following equation according to equation .

Solution. %
External forces acting on the system are weights of the men, weight of the c i
%

T-mAg-mBg-mcg-ng:mAaA +mMmpaas+t+Mcaa + M aa
>F; = E(m;a;)

Substituting given values of masses ma =40kg, ms =60kg, mc =50 m. = 20 kg,

kg,
given values of accelerations g =10m/ * = -2 m/s2 a® = 0m/s?, a=1m/s2 and a =0 m/s?,
2
S,

we obtain T -400-600-500-200 = -80+0+50+0

T=1670N
Example Edujournal

Simple Atwood Machine as System of Particles

The system shown in the figure is known as simple Atwood machine. Initially the
masses are held at rest and then let free. Assuming mass m2 more than the mass
mj, find acceleration of mass center and tension in the string supporting the pulley.
Solution. m my

We know that accelerations a1 and a2 are given by the following equations.

= = 2
a; " ma2-mg g | ai —m -m1gT

mo+ M m2+m1

and

Making use of eq. , we can find acceleration ac of the mass center. We denote upward direction
positive and downward direction negative signs respectively.

(m1+m2)ac =miaq1-mzaz
Mac _ Z(m;a,-)
N

Substituting values of accelerations a1 and a,, we obtain
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>F = Mac—

x=ut+at?-

JEE-Physics

a ~2mim 2-(m12+m22)9

¢ (m 1+ my)2

To find tension T in the string supporting the pulley, we again use eq. (9)

- T-mig-mag=(mi+mz)ac
2Fi =
Mac
Substituting expression obtained for ac, we have
T=4d4mim, 9
mq+my
Example

Two blocks each of mass m, connected by an un-stretched spring are kept at rest on a frictionless horizontal
surface. A constant force F is applied on one of the blocks pulling it away from the other as shown in figure.

F
A QUuvbrvyud by
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(a) Find acceleration of the mass center.

(b) Find the displacement of the centre of mass as function of t me t.
(c) If the extension of the spring is x at an instant t, find the d splacements of the two blocks relative to the

. ground at this instant _
Solu tion . dwjournal’

(a) Forces in vertical direction on the system are weights of the blocks and normal reaction from the
ground. They balance themselves and have no net esulta t. The only external force on the system is
the applied force F in the horizontal direction towards the ight.

F=(m+m) a

F

¢ = 2mtowards right

(b) The mass center moves with constant acceleration, therefore it displacement in time ¢ is given by
equation of constant acceleration motion.

Fr2 %,
4m

(c) Positions x4 and xg of particles A and B forming a system and position xc mass center are obtained
by following eq.

Mre. = Zmir;
Substituting values wee obtain 2mx . =mxa +mx  X; X +Xg
5 A
2
Now using result obtained in part (b), we have Xa +Xg — Ft?
2m

Extension in the spring at this instantis xo = x5 -xa

1fe2 | 112
From the above two equations, we have x4 =—| —-x0| and x5 ==| =—  *%I
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Example

Application of Methods of Impulse and Momentum to a System of Particles

In a phenomenon, when a system changes its configuration, some or all of its particles change their
respective locations and momenta. Sum of linear momenta of all the particles equals to the linear
momentum due to translation of mass center. Principle of impulse and moment suggests net impulse of all
the external forces equals to change in momentum of mass center.

= P 11
p

cf

Conservation of Linear momentum
The above event suggests that total linear momentum of a system of particle remains conserved in a time
interval in which impulse of external forces is zero.

Total momentum of a system of particles cannot change under the action of internal forces and if net
impulse of the external forces in a time interval is zero, the total momentum of the system in that time
interval will remain conserved.

Or Ppci = Pef
= 12
Z p initial Z pfinal ( )
The above statement is known as the principle of conservation of momentum.
Since force, impulse and momentum are vectors, component of mome tum of a system in a particular
direction is conserved, if net impulse of all external forces in that direction va shes.

il ~/




During an event the net Edujouma|impulseofexternalforcesinadirection is zero in the following cases.
When no external force acts in a particular direction on ny of the particles or bodies.

When resultant of all the external forces acting in a particular direction on all the particles or bodies is zero.

In impulsive motion, where time interval is negligibly small, the direction in which no impulsive forces act.

No external force: Stationary mass relative to an inertial frame remains at rest -t A man of
mass m is standing at on end of plank of mass M. The \ length of the plank is L and it rests on a

frictionless horizontal ground. ! % The man walks to the other end of the plank.
Find displacement of 1 the plank and man relative to the ground.

Solu tion.

Denoting x-coordinates of the man, mass center of plank and mass center of the man-plank system by xn,

Xp and Xc, we can write the following equation.
-

Gm  =3zm (m+M) =mx +Mx,

)rc li Xc m

Net force on the system relative to the ground is zero. Therefore mass center of the system which is at rest
before the man starts walking, remains at rest (A x. = 0) after while the man walks on the plank.

mAXm + MAx

(ax. =0) - =P o (1)
The man walks displacement ¢ " relative to the plank. Denoting displacements of the man and the
AX

mip = -Li

)

plank relative to the ground by Ax ,, and Ax,, we can write
AXm/p:AXm'AXp_* AXm_AXp: (2)

-Li
From the above equations (1) and (2), we have

34
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MLi

AX = =
m m+M

ML

The man moves a distance m + /M towards left relative to the ground.
mLi
AX =
r m+M
mL

The plank moves a distance m + M  towards right relative to the ground.

Example

No external force: Mass center moving relative to an inertial frame moves with constant velocity

Two particles of masses 2 kg and 3 kg are moving under their mutual interaction in free space. At an instant
they were observed at points (-2 m, 1 .

m, 4 m) and (2 m, -3 m, 6 m) with velocities (3i 2] 4 k) m/s and
sec, the first particle passes the point (6 m, 8 m, -6 m), find coordinate

Gi+ j - 2k) mis respectively. If after 10
of the point where the second particle passes at this instant?

Solution.
System of these two particles is in free, therefore no external forces act on them. There total linear momentum
remains conserved and their mass center moves with const nt velocity relative to an inertial frame.
Velocity of the mass center

v mj v 3i -2j+k)+3(C-i  +j- 2k) 3 -j- 4k
. — mj; v - J+ + ] — ] m/S

2+3 5

Location r., of the mass center at the instant {=0s

mi
li

re = - r _ _

zm; @ = 2+3 - 5
New location r. of the mass center at the instantt =10 s

Edujournal
—2i -7j + i-j- 320 -17j-

fo =leo +Vot— I == ”5 Bk 4+ _ 8 15“ 210 i 1;1 14k

f th d particle.
New location (x, y, Z) of the second particle

smr

ro- — o 32i- 17j- 14k _ 2@ +8j -6k)+3 i+ yj + 2k

5 2+3

Solving the above equation, we obtain the coordinates of the second particle (20/3, —=11, —2/3)

Application of Methods of Work and Energy to a System of Par ticles

In a system of particles, all the particles occupy different locations at every instant of time and may change their
locations with time. At an instant of time set of locations of all the particles of a system is known as configuration of
the system. We say something has happened with the system only when some or all of its particles change their
locations. It means that in every event or phenomena the system changes its configuration.

Methods of work and energy equips us to analyze what happens when a particle moves form one point of
space to other. Now we will apply these methods to analyze a phenomenon in which a system of particle
changes its configuration.
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Kinetic Energy of a System of Particle

Kinetic energy of a system of particles is defined as sum of y
kinetic energies of all the particles of the system. m;
If at an instant particles of massesm m,..m...m........... and m are O/v'
observed moving with velocities Vi1 , vy s ooee Vi, ol v, respectively .
relative to a reference frame, the kinetic energy of the whole system o M
relative to the reference frame is given by the following equation.
z
K=1Xmv? (13) ,
2

If the system consists of continuous distribution of mass, instead of
discrete particles, expression of kinetic energy becomes

K=1 (14)

3

2d
EJ'V m ‘Z/O

Kinetic Energy of a System of Particle using Centroidal Frame

Centroidal frame of reference or center of mass frame is reference frame attached with the mass center of
the system.

Let velocity of " particle of mass m is moving with velocity v y Y a V,.,C
- i i )
relative to frame Oxyz. Mass center C and hence the centroid v 7
th c
mi
frame Cxyz is moving with velocity v ¢ . Therefore velocity of i vl
particle relative to the centroidal _ °
frameisvi,c.
Kinetic energy of the whole system is given by the following equation. o e C >
X
1ZmiV12 1Zm)‘V02+1 my, z
K= = Z i fre (15)

2 2 2
Here the first term on the right hand side is kinetic energy due to translation of the mass center and the second

term is kinetic energy of the system relative to the centroidal frame.
Kinetic Energy of a Two Particle System using Centroidal Frame

A two particle system consists of only two particles. Let  two particle

4

system consists of particles of masses m; and m, moving with velocities
y + and , , relative to a frame Oxyz. Their mass center C lies on the
line joining them and divides separation between them in reciprocal
ratio of masses m1 and mz. The mass center and hence the centroidal

frame is moving with velocity /. . z %

Kinetic energy of this two particle system relative to a frame Oxyz is giveh by the following equation.

2 2
The first term on the right hand side is kinetic energy due to translation of the mass center and the second term
is kinetic energy of the system relative to the centroidal frame.
Here symbol u is known as reduced mass of the two particle system and symbol v is magnitude of velocity of
either of the particles relative to the other.

mq + mo

m1my

u and V= |V1-V2

36
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Work Energy Theorem for a System of Par ticles

The work energy theorem can be applied to each particle of the system. For /" particle of the system, we
can write

K +W
ii i,i—f i, f
Here Wi is total work done by all the internal forces f; and resultant external force F; on the i particle,
when the system goes from one configuration to other.

Adding kinetic energies of all particles, we can write kinetic energies K; and K of the whole system in the initial
as well as the final configuration. Adding work done W; i _r by internal as well as external forces on every

particle we find total work done Wi _¢ by all the internal as well as external forces on the system. Now we
can write work energy theorem.

Ki+Wior =Ky (17)
While applying the above equation to a system, care must be taken in calculating Wi _r . In spite of the fact that

the internal forces f; and f; being equal in magnitude and opposite ~ direction, the work done by them on the

ith th

and the /" particles will not, in general, cancel out, since ™ a dthe ™ particles may undergo different
amount of displacements. in
The above description at first presents calculating of Wi S

cumbersome task. However for systems, which
we usually encounter are not as complex as a general system of large number of particles may be. Systems
which we usually face to analyze have limited number of particles or bodies interacting. For these systems we
can simplify the task by calculating work of conse vative i ternal forces as decrease in potential energy of the
system. Total work of internal forces other than inte conservative forces vanishes, if these forces are due
connecting inextensible links or links of constant length. These forces include string tension and normal reaction
at direct contacts between the bodies included | the system. Work of internal forces of the kind other than these
and work of external forces, can be calculated by definition of work.

Conservation of Mechanical Energy

If total work of internal forces other than conservative is zero and no external forces act on a system, total

mechanical energy remains conserved.

K,‘+U,':K+U (18)

f f

Edujournal

Since external forces are capable of changing mechanical energy of the system, under their presence total
mechanical energy changes by amount equal to work Wey; 7+ done by all the external forces.

w f=Ef—E,':(Kf+U)-(K,-+U,') (19)

ext,i—

f

Example
Total work of pseudo forces in centroidal frame.

Show that total work done in centroidal frame on all the particles of a system by pseudo forces due to
acceleration of mass center is zero.

Solu tion.

ed\SMP\Phy\Unit No-3\Centre of mass & collision\Eng\Theory.p65

Let acceleration of mass centre relative to an inertial frame is a . . Pseudo force on /"' particle of mass m; in

centroidal frame is (-mia ) . Let displacement of " particle in a time interval is Ar; relative to
the centroidal frame.

Total work of pseudo forces on all the particles in centroidal frame can now be expressed by the expression
-0=0
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Example

Two blocks of masses m and M connected by a spring are placed on frictionless horizontal ground. When
the spring is relaxed, a constant force F is applied as shown. Find maximum extension of the spring
during subsequent motion.

F
M |99 0% 00 000U 09 ) ——

Solution.

If we use ground as inertial frame as we usually do, solution of the problem becomes quite involved.
Therefore, we prefer to use the centroidal frame, in which mass center remains at rest.

In the adjacent figure is shown horizontal position of m ss center (CM) by dashed line. It remains
unchanged in centroidal frame.

Mass center of two particle system divides separation between them in reciprocal ratio of the masses;
therefore displacements x1 and x, of the blocks must also be in eciprocal ratio of their masses. The
extension x is sum of displacements x; and xz of the blocks as shown in the figure.

When extension of the spring achieves its maxim m value, both the block must stop receding away from
the mass center, therefore, velocities of both the bl cks in centroidal frame must be zero.

During the process when spring is being extended, total work done by pseudo forces in centroidal frame
become zero, negative work done by spring forces becomes equal to increase in potential energy and
work done by the applied force evi ently becomes Fx;.

Using above fact in applying work energy theorem on the system relative to the centroidal frame, we obtain

K/+W/Hf :Kfﬂ 0+W +W :0

i—f, sprin gforce i-f, F
(0- "?)+ FMx =0

2

m+m
2FM

:k(m+m)
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SOME WORKED OUT EXAMPLES

Example#1
A ball of mass 2 kg dropped from a height H above a horizontal surface rebounds to a height h after one
bounce. The graph that relates H to h is shown in figure. If the ball was dropped from an initial height of 81 m
and made ten bounces, the kinetic energy of the ball immediately after the second impact with the surface was

4 h(m)
40frs e we e e e T e
Solu ti on Edujournal . Ans. (C)
0 9 >H(m)
(A)320J (B) 480 J (C)e40J (D) Can't be determined
Solu ti on Ans. (A)

Fromgraphe=\]E: 40 =2
H V90 3

Kinetic energy of the ball just aftersec nd b nce
1 ( 2) 1 “2 (4)(mgH (24 2 CC )
2 )

m e = me =

2 2 |5/ o
Ex amp le # 2
Consider an one dimensional elastic collision between a given incoming body A and body B, initially at rest. The

mass of B in comparison to the mass of A in order that B should recoil with greatest kinetic energy is

(A) mg>>ma (B) mg<<ma (C) mg=ma (D) can't say anything
ma ms ma Mg
ww&wm&mm ; . ! ’
o e 1 e 2
ANNUAYARAARTRERR AUV TR ORERR TRV TRV
Before collision After collision

Velocity of block B after collision v = 2m A uy

ma+m
[ 2 2 ? 2
KE of block B = 1vazz:1 mo__ 4mAu1_2’ = 2mams _2u12
2 2 (mA+mB) (mA +Mp
)

| J

which is maximum if ma = mg

Example #3
An object is moving through air at a speed v. If the area of the object normal to the direction of velocity is
A and assuming elastic collision with the air molecules, then the resistive force on the object is
proportional to— (assume that molecules striking the object were initially at rest)
(A) 2Av (B) 2AV? (C) 2Av'? (D) Can't be determined
30
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Solution Ans. (B)
Velocity of air molecule after collision = 2v . The number of air— molecules accelerated to a velocity 2v in time
Ap [ 2v)
At is proportional to AvAt. Therefore F = — o (AVAt) |— | = F o 2AV2
At | at)
Example #4

The magnitude of acceleration of centre of mass of the system is

(A) 4 m/s? (B) 10 m/s? (C) 5 m/s? (D) 2 v2 m/s?
Solu tion Ans. (D)
5—u(5g) 50(1-0.2) .
Net force on system 2 m:% +myay a N 2
total mass of system 5+5 10 ‘ | mi + m2 T

Example#5 Edujournal

For shown situation find the maximum elongation in the spring. Neglect friction everywhere. Initially, the

blocks are at rest and spring is unstretched. K
> 3T Jeml "
(A) 4F (B) 3F (C) 4F (D) 2F
3K 4K K K
Solu tion Ans. (A)

u K
By using reduced mass concept this system can be reduced to F E

Where u = (3m)(6m) = 2m and F = Force on either block w. .t. centre of mass of the system

1

F F (F-F/2) FF 2

== +(Bm)agm =— +@m)——I|
2 2 | 9m ]

3m + 6m

Now from work energy theorem , 2F x., =1Kx%, =>xn —4F

3 2 3K

Example#6
A small sphere of mass 1kg is moving with a velocity (6i + j) m/s. It hits a fixed smooth wall and rebounds with

velocity (4i +j) m/s . The coefficient of restitution between the sphere and the wall is-

3 2 9 4
(A) 5 (B)3 (C)—5 (D) 5
Solu tion Ans. (B)

Impulse = Change in momentum = 1(4i + j) - 1(6i + j) = -2i

Which is perpendicular to the wall.
Component of initial velocity along i = 6i = Speed of approach = 6 m/s

Similarly speed of separation = 4ms™ = e =

ol
wlro

40
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Example#7

Two smooth balls A and B, each of mass m and radius R, have their centre at (0, 0, R) and (5R, -R, R)

respectively, in a coordinate system as shown.
Just before the collision, speed of ball A is 4 m/s

Ball A, moving along positive x-axis, collides with ball B.
and ball B is stationary. The collision between the balls is

elastic. Velocity of the ball A just after the collision is

NP

(b) -

(@)’ -
G -3Dms

G +J_3 i) mis
Solu ti on

Edujeurnal

4 m/s

Before collision

vy =4sin [ "
30

]

S
) +sin60 | =i+ 3]
| cos 60 i

Example #8

(c) Q@i +\{3_j) m/s

4si 30°

4cos30°
"k

After collision

Find the center of mass (x,y,z) of the following structure of four identical cubes if the length of each side of

a cube is 1 unit.

(A) (1/2,1/2,1/2) (B)(1/3,1/3,1/3)

(C) (3/4,3/4,3/4) (D)(1/2,3/4,1/2)

44
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Solution Ans. (C)
First we find the center of mass of each cube. It is located by symmetry: (0.5,0.5,0.5), (1.5,0.5,0.5), (0.5,1.5,0.5),

(0.5,0.5,1.5) . Now we find the center of mass by treating the COM of each cube as a point particle:
X =05+15+05+05 =075,y =05+05+15+05 =

CcoM CcoM 0.75
4 4
z =05+05+05+15 =
0.75
coM 2

Example #9
Two masses m and 2m are placed in fixed horizontal circular smooth hollow tube of radius r as shown.
The mass m is moving with speed u and the mass 2m is stationary. After their first collision, the time
elapsed for next collision. (coefficient of restitution e=1/2)

©om
(A) 2ar (B) 4ar (C) 3ar (D) 12 ar
u u u u

Solu tion Ans. (B)

Let the speeds of balls of mass m and 2m after collision be vi nd v2 as shown in figure. Applying conservation

of momentum mvy + 2mva=mu & — v4+V,= . Solvi gwe getvi=0 and vo= U

2 2
Hence the ball of mass m comes to rest and ball of mass 2m moves with speed u ) 2nr = 4qr
2  ul2 u

Example#10

Find the x coordinate of the centre of mass of the bricks shown in figure :

y
A
m
P
PN |
2] m [
m | »X
(A) 24 (B) 25 (C) 15 (D) 16
25 24 16 15
Ans. (B)
Solu ti on
I | | )
S ot i M At Rl AT TN
em m+m+m+m =2

Example#11
Object A strikes the stationary object B with a certain given speed u head-on in an elastic collision. The mass of
A is fixed, you may only choose the mass of B appropriately for following cases. Then after the collision :
(A)For B to have the greatest speed, choose mg = ma
(B)For B to have the greatest momentum, choose mg << ma
(C)For B to have the greatest speed, choose mg<<ma
(D)For the maximum fraction of kinetic energy transfer, choose mg = ma

42
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Solution

e=1 vg-vpa =V = 2mau
= —_— B —_—

u ma+ms

maU = mava + mgve and

Forma>>mg, v = 2u
For ma =ms, vs = u For

ma <<mg, vg =0

kineticenergy K =1m v2 = 2mgu?
B 2 B B f1+ mB]2
L mAJ

Example#12

Ans. (B,C,D)

A man is sitting in a boat floating in water of a pond. There are heavy stones placed in the boat.

(A) When the man throws the stones in water from the pond, the level of boat goes down.

(B) When the man throws the stones in water from the pond, the level of boat rises up.

(C) When the man drinks some water from the pond, the level of boat goes down

(D) When the man drinks some water from the pond, the level of boat remains unchanged.

Solu ti on

For (A/B) : Force of buoyancy increases. Therefore level of boat rises up.

For (C/D): When man drinks some water, the level of bo t

Example#13

remains unchanged.

Ans. (B,D)

Two blocks A and B are joined together with compressed spring. When the system is released, the two blocks

appear to be moving with unequal speeds in the opposite

Select incorrect statement(s) :
10m/s

4 K=500Nm"
L BEESTIEEEE

directions as shown in figure.

15m/s

—

LTINS WY

e

(A) The centre of mass of the system will remain stationary.

EdujournalAB

(B) Mass of block A is equal to mass of block B.

(C) The centre of mass of the system will move towards right.

(D) It is an impossible physical situation.

Solu ti on

As net force on system = 0 (after released)

So centre of mass of the system remains stationary.

Ans. (BCD)



Example#14
In which of the following cases, the centre of mass of a rod may be at its centre?
(A) The linear mass density continuously decreases from left to right.
(B) The linear mass density continuously increases from left to right.
(C)The linear mass density decreases from left to right upto centre and then increases.
(D) The linear mass density increases from left to right upto centre and then decreases.
E Solu ti on Ans. (CD)
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Example#15

A man of mass 80 kg stands on a plank of mass 40 kg. The plank is lying on a smooth horizontal floor.
Initially both are at rest. The man starts walking on the plank towards north and stops after moving a
distance of 6 m on the plank. Then

(A) The centre of mass of plank-man system remains stationary.
(B) The plank will slide to the north by a distance 4 m

(C) The plank will slide to the south by a distance 4 m

(D) The plank will slide to the south by a distance 12 m

Solu ti on ) 6m " Ans. (AC)
Let x be the displacement of the plank. ﬁ ﬁ
Since CM of the system remains stationary e
s080 (6x)=40x = 12 —2x=x =X =4m southeX_{ = T north

Example#16
A body moving towards a body of finite mass at rest, collides with it. It is impossible that
(A) both bodies come to rest
(B) both bodies move after collision
(C)the moving body stops and body at rest starts moving
(D)the stationary body remains stationary and the moving body rebou ds
Solu ti on Ans. (AD)
For (A) : Momentum can't destroyed by internal forces.
For (D) : If mass of stationary body is infinite then the moving body rebounds.

Example#17
Three interacting particles of masses 100 g, 200 g and 400 g each have a velocity of 20 m/s magnitude along

the positive direction of x-axis, y-axis and z-axis. D e to force of interaction the third particle stops moving. The

velocity of the second particle is -
(10" + 5k ) . What is the velocity of the first particle?

R R R B) - .~ oA - - R . - R

(A)20i+20j + 70k ( )10i+20 + 8k (C)30i +10j+ 7k (D)15i+5) + 60k
Solu tion Ans. (A)

Initial momentum = " " "

mivi+mav2*Ts¥s =2 +4j +8k
|
When the third particle stops the final momentum=m +m +m + .
1v1 2 3v 3 =01v 1 02010j +5k)+0
Edujournal

By principle of conservation of momentum 0.1 v4 +2j+k = 2i+ 4j+8k " v; = 20i+ 20 j + 70k

Example#18 to 20
A bullet of mass m is fired with a velocity 10 m/s at angle 6 with the horizontal. At the highest point of its
trajectory, it collides head-on with a bob of mass 3m suspended by a massless string of length 2/5 m and
gets embedded in the bob. After the collision the string moves through an angle of 60°.

18. The angle 0 is
(A) 53° (B)37° (C) 45° (D) 30°
19. The vertical coordinate of the initial position of the bob w.r.t. the point of firing of the bullet is

(A) 9m (B) 9m (C) 24 m (D) None of these
4 5 5
20. The horizontal coordinate of the initial position of the bob w.r.t. the point of firing of the bullet isn
(A) 9m (B) 24 m (C) 9m (D) None of these
5 5 4
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Solution
18. Ans. (B)
Velocity of combined mass just after collision
m(10cos ) =4mv=v= 5 cos 6
2
16

But from energy conservation (4m)v2= 4mg (1- cos 60°)
2

>V = g—:5 cosG:cosZGZ g—:2 10x2 =4 g =
37°
2 5 5 5
19. Ans. @T J_
u?sin?o (100)(9/25) 9 V
Hmax = 29 = 20 :gm
20. Ans. (B)
(31(4)
2 ooy — |— | in
R 2u sin 6 cos 6 15l 5 J 24
2= 29 = 10 =5 M
° to 23 Edujournal
Example#21

Two blocks A and B of masses m and 2m respectively re connected by a spring of spring constant k. The
masses are moving to the right with  uniform velocity vo e ch, the heavier mass leading the lighter one. The
spring is of natural length during this motion. Block B collides head on with a third block C of mass 2m. at rest,
the collision being completely inelastic.

21. The velocity of block B just after cpliis}d

(A) vo (D) 2vy
o_ - -
2 5 5
22 . The velocity of centre of mass of system of block A, B & C is-
(A)v (B) 3v (C) 2vo D) v,
°o_ - —
5 5 2
2 3. The maximum compression of the spring after collision is -
mv?
(A) T2k (B) K (C) T (D) None of these
Solu ti on
21. Ans. (B)
By applying conservation of linear momentum 2mv. =~ =(2m+2m)v= v= y,
° 2
22. Ans. (B)
v =mvo +2mvo =3y
em m+2m+2m 5
23. Ans. (B)
At maximum compression, velocity of all blocks are same & equal to velocity of centre of mass.
U v°1|2|l1 (3v°12 (N my>
—2ka —|—mv0 +—2(4m) - -—2(5m) —5 :—zkxm —%mvo = Xm = ﬁ

12 l2 ) | ( J
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Example#24
A smooth ball A of mass m is attached to one end of a light inextensible string, and is suspended from
fixed point O. Another identical ball B, is dropped from a height h, so that the string just touches the
surface of the sphere.

/it i ity e i

Column | Column I

3m
(A) If collision between balls is completely elastic (P) ?\Fg
then speed of ball A just after collision is
[6 gh

(B) If collision between balls is completely elastic Q) -—

then impulsive tension provided by string is 5
6m
(C) If collision between balls is completely inelastic R) ?«J’Zg“
then speed of ball A just after collision is
(D) If collision between balls is completely inelastic then (S) 2.p gh
impulsive tension provided by string is 5
(T None of these
Solu ti on A s.(A)— (S),(B)— (R),(C) - (Q),(D)—
(P)
. R 1 Viysing + 2
For(A) vo = 2gh, sm'ﬁ = = . By definition of e, e = 1 = \Y
2R 2 Vo COS 6
W 70704
co o/ v
Just Be ﬁ ollision Just after€ollision
Let impulse given by ball B be N. then by impulse momentum theorem
N=m(v2 + vocosB) & Nsin = mv ( |
M) /3
sinfcosd 2o —I||—I
:>V1:2_V“ = lZJ[ 2) = 24J6gh
1+sin’ 0 (1 \2| 5
1+ —
12
For (B) Impulsive tension =N cos 6 = [ mvy | cos 6 = mv; cotf=6m
| —— | —.129“
\sin 6) S
Vo sin 6 cos 6
For (C) For completely inelastic collision e=0, sov sin6+v =0= v = ::! 6gh
’ 2 " 1+sin?0 S
mv =
For (D) Impulsive tension = Ncosb= ( 1 | cost = mv cot = 3m \/_
| sin 6) S

46
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Collision between ball and block A is perfectly inelastic as shown. If impulse on ball (at the time of collision) is

J then
Rigid support
Y
1kg®
A
Rigid support
X
Column- 1 Column -1l
(A) Net impulse on block A is (P) J
(B) Net impulse on block B is (Q) 4J/9
(C) Impulse due to rigid support Y is (R) 16J/9
(D) Impulse due to rigid support X is (S) 2J/9
(T J/9
Solution (A)T(B)Q(C)R(D)Q

By using impulse momentum theorem :

on A : J-2T = 1(v)

onB:T=2(2v) Therefore J=9 v
J

Net impulse on A = 1(v) = 9_
4

NetimpulseonB=4v =—

Impulse due to rigid support Y = 4T =

Impulse due to rigid support X = T =

AT

Example#26

A ball moving vertically downward with a speed of 10 m/s collides with a platform. The platform moves with a
velocity of 5 m/s in downward direction. If e = 0.8, find the speed (in m/s) of the ball just after collision.

s

¢ Solution Ans. 1
% 10 m/s \%

g

: | STIVS | | STVS |
; ;

g

H Just before collision Just after collision

Vo - Vi v+5

E By definition of e : e = ; we have 0.8 = _ =v=1m/s

% us =-Uuz 10-5

§

a4z
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Example#27
For shown situation, if collision between block A and B is perfectly elastic, then find the maximum energy
stored in spring in joules.
A B C
3kg—3m/s 3kglrwmmmmng 6kg smooth

ANAUAUAAAAYAAUAYAAAAAAANARUANAANANAAAAAATAAYANA AU AN ANANAAAAANAAYAAAAUAAUANARAAEAAAAAALAAAAUAR AR AR
Solu ti on Ans. 4

At maximum compression of spring, velocities of block B and C are same (say vo)
then by conservation of linear momentum 3(2) = (3+6)vo = vo= 2 m/s
3
1@ - 1(3+6)( 212

At this instant energy stored in spring = -

2 2

k—l =6-2=4J)

3

Example#28
In the shown figure, the heavy block of mass 2 kg rests on the horizontal surface and the lighter block of
mass 1 kg is dropped from a height of 0.9 m. At the instant the string gets taut, find the upward speed (in
m/s) of the heavy block.

No-3\Centre of mass & collision\Eng\Theory.p65

3
AVUARURURARUAUAAR A
Solu ti on
Ans. 2
. . . L — = ———— =6m/s
Velocity of lighter block at the instant the string just gets tautv = 2gh 2 X10
N x1.8
Now by impulse - momentum theorem, let common speed be v then (2+1) v=(1)v =v =V =6 _o /s
| 1 133
Example#29
1, find the
Two balls of equal mass have head-on collision with speed 6 m/s. If the coefficient of restitution
is -
Ans. 2
speed of each ball after impact in m/s.
Solu ti on
O )
Just before collision
AEUAUAARAAYANARARUAAAAUANAAAUARUAUARARA AR AR
D (B
Just after collision
AT
Vo-vi — 1T vev=2v=2m/s
By definition of e : e= -
y U1 -U2 3 6+6
Example#30
A thin rod of length 6 m is lying along the x-axis with its ends at x=0 and x = 6 m. Its linear density
(mass/length) varies with x as kx*. Find the position of centre of mass of rod in meters.
Solu ti on Ans. 5

6 6 rxe]

6
x =/ xdm :J‘oX(kXAdX):JlOXSdX :{_GE = 5m

'rO J‘O

- - S
em fdm sckx ‘dx’ 6x 4dx TX *le
J




TNVAY\WS\PEIUBAPY-FIMEIOM\PL0Z\EIEQ : 3 930ON L



No-3\Centre of mass & collision\Eng\Theory.p65

ed\SMP\Phy\Unit

IThoDES E : \Data|2014\KotalJEE-Advance

JEE-Physics

1 2
The friction coefficient between the horizontal surface and blocks A and B are 715 and 15 respectively. The

collision between the blocks is perfectly elastic. Find the separation (in meters) between the two blocks when they
come to rest.

A B
4m/s
\\\‘\\\\\\\\\\\\\‘\\\\\\\\\“\\\\\\\\\\\\\\\\\\\\\\\\\‘}\\\\\\\\\\\\\‘i\\\\\\
M 2m M
Solu ti on Ans. 5
—_ (1)1 DY) 4q
= - = b-Z C =
Velocity of block A just before collision Va ua ‘ -_ J 10 2 ?

Velocity of Block B just after collision vg = va = \/?
Velocity of Block A just after collision = 0

Total distance travelled by block B= v& = 40/3 =5m
2ug { 2]
2 _|(10)
15 )

Example#32
A ball of mass 1 kg is projected horizontally as shown in figure. Assume that collision between the ball
and ground is totally inelastic. The kinetic energy of ball (in joules) just after collision is found to be 10c. Find
the value of a.

,_.!_ _:.1~0ms !

Sm

i
U I TR T Y

Solu ti on Ans. 5
=10 m/s

Vertical velocity just before collision W= VJ2gh 2x10%5

I—M Oms™ @—»10ms™
10ms™

Just before Just after
Collision Collisicn

1

= Kinetic energy of ball just after collision = 2 x 1 x 102 =
50JExample#33
A body of mass 1 kg moving with velocity 1 m/s makes an elastic one dimensional collision with an
identical stationary body. They are in contact for brief time 1 sec. Their force of interaction increases from
zero to Fo linearly in time 0.5 s and decreases linearly to zero in further time 0.5 sec as shown in figure.
Find the magnitude of force Fo in newton.

F A

(0] 0.5s 1s

40
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Solution Ans. 2
In the one dimensional elastic collision with one body at rest, the body moving initially comes to rest & the one
which was at rest earlier starts moving with the velocity that first body had before collision.
so, if m & Vo be the mass & velocity of body,

the change in momentum = mVy = f Fdt=mV, = f Fdt=mV, = F 2mV
- A =N

Example#34

An object A of mass 1 kg is projected vertically upward with a speed of 20 m/s. At the same moment
another object B of mass 3 kg, which is initially above the object A, is dropped from a height h = 20 m.
The two point like objects (A and B) collide and stick to each other. The kinetic energy is K (in J) of the
combined mass just after collision, find the value of K/25.

Solu ti on Ans. 2
h

Using relative motion, the time of collision is t = 2040 - 1s

By conservation of momentum for collision 3(10) + 1 (-10) =4 (V) =V =5m/s

KE = 1 (4)(5)? = 50J

2
Example#35

An 80 kg man is riding on 40 kg cart travelling at a speed of 2.5 m/s on a frictionless horizontal plane. He

jumps off the cart, such that, his velocity just after jump is zero with respect to ground. The work done by him
on the system during his jump is given as A KJ (A€ integer). Find the value of A.

4
Solu ti on Ans. 3

By conservation of linear momentum (80 + 40) (2.5) =80 (0) + 40 (v) > v=7.5m/s

work done = AKE = 140 (7.5)%?- 1(80 + =750J
_ _40)(2.57°
2 2

Example#36
At t=0, a constant force Eisdujenappliedon3kgblock.rnalFindoutmaximum elongation in spring in cm.

Solu ti on

K=100Nm™

ALLAAATALARRATARLRARARLLARARARA AR LAR LR LAY Given sysBiver

and F



Given system can be reduced by using reduced mass concept Y4 = 2 X = 6kg

Tkx?2 =4x=>x 8~ 8 =8x102m=8cm Ans. 8

2

100

Y

4N u

N 00000000

ARTERERR VAR AR R RV VAN

ivanced\SMP\Phy\Unit No-3\Centre of mass & collision\Eng\Theory.p65

NODES E : \Data\2014\Kota\JEE-Adh

50



